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CALCULATIONOFTRANSOMICFLOWSPASTTHIN

AIRFOJISBYAIVINTEGRALMETHOD

ByWilliamPqrl
.

SUMMARY

A methodof calculatingtwo-dimensionalcompressibleflowspast
thinairfoilsispresentedwithparticularreferencetothetransonic
speedrange.Thelnethodisbasedontheinte~alformoftheequa-
tionof continuityandontheintrinsicform,intermsofthestream-
linecurvature,oftheirrotationalitycondition.Theapplicationto
thetransonicrangeconformswith,andiscarriedoutwithinthe
frameworkof,thetransonicsimilarityth’eory.Theresultsinclude
velocitydistributionsforvarioussyumetricsectionsinthe
continuous-potential-flowspeedrangeandforthesynunetricbiconvex
airfoilat zeroangleofattackthroughthetransonicspeedrange
andtheassociatedvariationofterminal-andhead-shocklocation
andpressuredragwithMachnumber.Comparisonswithothertheories
andwithavailableexperimentaldataindicateatleastqualitatively
goodagreement.Thelocationandthemovementoftheterminalshock
inthelowertransonicspeedrangearediscussed,aswellasthe
limiting-linsphenomenon.

INTRODUCTION .

Considerableefforthasbeenexpendedinrecentyearsonthe
investigationoftheflowphenomenathatoccurwhenaerodynamic
bodiestravelat transonicspeeds.Experimentally,themainfea-
turesof steadytramonicflowpatternsaboutairfoilsectionshave
beenestablished.(Seejforexample,referenceslto 5.)

Thus,thesuccessionofflowpatterns,ofwhichanapprox-
inm.tetheoreticaldescriptionisattemptedherein,maybe briefly
outlinedasfollows:Considerthezero-1.lftflowrelativeto.
anairfoilthatissymmetricwithrespectto itschordline
(fig.1). At lowsubsonicfree-streamvelocities,theflow
patternislikewisesymmetricwithrespectto thechordlineandis
everywheresubsonic.Abovea certainsubsonicfree-streamvelocity,
a symmetric-typelocalsupersonicregion,boundedby thelocusof
sonicspeed indicatedby 1 (fig.1),startsto developinthe

o
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2

neighborhoodof
theairfoilhad
location,these

themaximum-thicknesslocat$onoftheairfoil.If
fore-and-aftsymmetrywithrespectto itsmidchord
localsupersonicregionswouldlikewisehavefore-

and-aftsymmetrywithrespecttomidchord.As thefree-stream
velocityisfurtherincreased,thefore-and-afttypeof symmetry
oftheflowpatterndisappearsandanasymmetricpatterndevelops.
Thelocalsupersonicregion,indicatedbythesonicboundary2 in
fi~”e 1, isnowof anasymmetrictype(thatis,wouldbeasymmetric
foreandafteveniftheairfoilweresymmetricforeandaft)and
isterminatedonthedownstreamsideby ah approximatelynormal
shock. Neartheairfoilespecially,thisterminalshockisactually
a moreorlesscomplexshockstructuredependingontheReynolds
numberandinteractswiththeboundarylayerina complqxmanner.
As thefree-streamvelocityincreasestowardsonic,theasymmetric-
typelocalsupersonicregionincreasesinextentandtheterminal
shock-increasesinintensityandmovesdownstreamtowardthetrail-
ingedge.At slightlysupersonicfree-streamvelocities,an addi-
tionalshock,thebowwave,appearsaheadoftheairfoiland
approachesitasthefree-streamspeedisincreased.Thesubsonic
partoftheflowfieldhasnowbecomefiniteinextent,as indicated
by thesonicbountirg3(fig.1). Theterminalshockhasreached,
andremainsin,theneighborhoodofthetrailingedgeandbeginsto
slopeina downstreamdirection.At a certainsupersonicfree-stream
speedtheforwardshockattachesatthenoseoftheairfoil,ifthe
noseissharp-edged,andshortlythereaftertheflowfieldbecomes>
usually,everywheresupersonic,except,of course,intheboundary
layer.

OnthetheoreticalSide$muchoftheeffortexpendedonthe
transonicproblemhasgoneintothesolutionofthemathematically
well-definedproblemofthecontinuouscompressiblepotential
flowpastanairfoil,correspondingtothesymmetric-typeflow
patterndescribed.(See,forexample,references6 to 20.) Emmons
andMaccollandCodd(references18 to20),however,haveincluded
shocksinsomeoftheirrelaxationcalculations.Progresswiththe
methodscitedhassofarnotbeenrapid,primarilybecauseofmathe-
maticalandcomputationaldifficulties.Perhapsthemostsignificant
theoreticalresultthathasemergedistheprobabilitythata sub-
sonicfree-streamspeedexistsfora givenaerodynamicshape,such
thatcontinuoussymmetric-typeflowpatternscontaininglocalsuper-
sonicregionscan,atleastinprinciple,be derivedforthisshape
belowthisspeedbutnotabove.Inregardtotheothermain
ingredientofrealtransonicflows,namely,theboundarylayerand
itsinteractionwiththeterminalshock,interpretationandanalysis
isonlyina preliminarystage.(See,forexample,references3,
4,and21to 24.) Itmustbe noted,however,thatprogresswitha

,
0

.— . . ..—— —.
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1

completetheoryishamperedby thepracticaldifficultiesinvolved
in carryingoutgoodexpertientsinthetransonicspeedrange.

.

Inthepresentreportan integralmethodisappliedtothecal-
culationoftransonicflowpatterns.Startingfromtheequationof
continuityinintegralformandconservationof energyintheinte-
gratedformofBernoullitsequation,whichsufficefortheanalysis
ofquasione-dimensionalflows,two-dimensionaleffectsarethen
takenintoaccountby inclusionoftheequationofmotionnormalto
thestreamlines,expressedintermsofthestreamlinecurvature.
By anappropriatechoiceofthestreamlinecurvature,theflow
patterncanthenbecalculatedIna comparativelysimplemanner.

Thismethodhaslongbeenknownandappliedtothecalculation
offlowsthroughcurvedchannels,forexample,betweenturbine
blades,orinwindtunnels(references25and26). Applicationhas
recentlybeenmadeto isolatedairfoilsin continuouscompressible
potentialflow(references27to 29).

Thesmll-perturbationformof themethodofreference29is
developedherein.Theresultingsimplificationsmakefeasiblethe
approximatecalculationof someofthemorecomplicated,ehock-
contiining,”flowpatternspreviouslydesmibed.Thesmall-perturbation
formalsoshowsexplicitlytheagreementof themeiihdofreference29
withthemoregeneraltransonlcsimilaritytheoryofvonK&&n
(reference30)endOswatitach,towhichanynonviscous-typeexplicit
solutionforthinairfoilsinthetransonicspeedrangemustconform.

Themathematicalsimplicityofthepresentmethodpreservesthe
possibilityofinterpretingresultsanddifficultiesatallstages
interms
intothe
example,
subsonic
flows.

ofthebasicconsemationlaws.Theinsightthuspermitted
natureoftransoticflowsmakesiteasytounderstand,for
thepreviouslymentionedphenomenonofanupper-limiting
flightspeedfortheexistenceof continuouspotential

Inordernottoundulydisturbthecontinuityof presenta-
tionofthemainideas,certainmathematicaldetailsarerelegated
toappendicesA toD anda listof.themainsymbolsusedis con-
tainedinappendixX.

Themaindevelopmentsofthisreportwereworkedoutat
ColumbiaUniversityinthewinterof1947-1948underthestimulus
ofa lecturegivenby ProfessorTheordorevonK&x&n onthesubject
oftransonicsimilarity.ThereportwascompletedattheNACALewis
laboratory. .

.

.

.-
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Theauthorwishestoexpresshis’thankstoProfessor~eodore
I&m&n forhavinginspiredthepresenttreatmentofthetran-

sonicproblem.Thisinspirati~wasnotonlydirect;for,Processor
vonR&m& hasprobablydonemostto demonstratethepowerand
utilityinfluidmechanicsofthetwofoundationalideasoriwhich
thepresenttheoryisbuilt,namely,theintegral-methodapproach
andthesimilarityconcept.Itistobe hopedthatthepresent
structuredoesnotresttoolightlyonthefoundations.

COMPRESSIBLEPOTENTULI?Low

Governingequations.- Theflowisconsideredsteady,two-
dimensional,isentropic,irrotational,andsymmetricwithrespect
totheairfoilchord(x-axis).Theequationsofmotioncanbe
expressedintermsofthelocalfluiddensityp, speedv, pres-
sure p, MachnumberM, thecorrespondingfree-streamvalues
(denotedby thesubscripto), thespecific-heatratioy, and
the
are

.

The

streamlinecurvaturec, ‘asfollows(fig.2): (Themiinsymbols
definedinappendixll.)

Equationof continuity:

Irrotationdity

Bernoulli-state

DpOvO@=rpv
condition(reference31.):

@v=o

equation:

()J2=.2Y=
‘o P(-J

differentialsdy and

1

.( )1

x
1- ‘@%2 +1

2
‘o

(1)

dn inequation(1)aieelementsof

(2)

(3)

lengthalonga potentiallineinthefreestreamfaraheadofthe
airfoilandalonga potentiallineintheregionoftheairfoil,
respectively.Thelowerlimitsofintegrationlieonthezero

.

.

——— ——. —.—-, . . .. ... . . . _



I

NACATN 23.30

streamline,thatis,onthex-axisandontheairfoil
upper.limitslieona streamline.DEF,which,as y.

5

contour.The -
approaches

infinity,becomesparallelto thex-axis”.It isassumedforthe
presentthatas y. approachesinfinitythedisplacementcomponent
5 inthey-directionbetweenanytwopointsonthesamestreamline,
suchas D and B, approacheszero.Thisassumptionisvalidfor
circulation-free(zero-lift)flowsthataresubsonicat infinity
andthathavenowakesorunclosedportionsofairfoilcontour
extendingto infinityinthex-direction,inasmuchas suchflows
canberepresentedat infinityby a collectionofincompressible-
typesource-sinkdoubletsinthefinitepartoftheplane,andfor
suchdoubletstheassumptionisvalid.Thisassumptioncanalsobe
regarded,perhapsmoregenerally,asrestrictingtheflowpattern
tothatproducedina closed,straight-walled,two-dimensionalwind
tunnelinthelimitingcaseinwhichthewallsareinfinitelyfor
apart. .

Theelementoflengthdn inequation(1)isnowapproximated
by theelementoflengthdy”inthey-direction,thatis,the
potentiallinesarereplacedbythelinesx . constant.This
replacementisexactlyvalidforthepotentiallinestartingfrom
themidchordlocation~fa symmetricairfoilthathasalsofore-
and-aftsymmetry.InappendixA, thisreplacementisshowntobe
justified,ingeneral,,forthecaseof smallperturbationofthefree-
streamflow%yanairfoil.

Nextletthelowerlimitontherightsideof equation(1)stsrt
froma pointontheairfoilatwhichtheairfoilordinateis Y.
Set PO, vo, ~d P. equaltounity,sothatthecorresponding
,localquantitiesp, v, and p henceforthrepresentnondimensional
fractionsoffree-streamdensity,velocity,andpressure,respec-
tively.Furthermore,lettheunitoflengthbe theairfoilchord c
sothatthelengthsx, y, and l/C henceforthrepresentnon-
dimensionalfractionsoftheairfoilchordlength.Subtracting
ye-Y frombothsidesofequation(1),letting-y. approachi~in-
ity,
for

andusingtheprecedingassumptionfor 8 andapproximation
dn @eIds

r
a

Y= (Dv-l)dy (4)

Zquations(2)and(3)

JY

become,respectively,

W=-g (5)

- .——-. ..—- . . .. . . . . . — - -e,---- .—.. . . . . . . . .——
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(6)

Theformofthecontinuityeqhation(4)isanalogoustothatdefining
thedisplacementthicknessintheboundary-layertheory.Theairfoil
ordinateY heretakestheplaceoftheboundary-layerdisplacement
thickness.Whereasthesubtractionandlimitingprocessleadingto
equation(4)isperformedintheboundary-layertheorymainlyfor
definitenessindefininga boundary-layerthiclmess,theprocessis
hereessentialinordertosubtractouttheinfinitemassflow
crossinga potentiallineandinitiallyintroducedperhapssomewhat
artificiallybyconsideringthefluidasmovingrelativetothe
stationaryairfoil.

ThestreamlinecurvatureC, consideredpositivewhenthe
streamlinecurvesinthesamesenseas thecorrespondingcontourof
theairfoilatthemaximumthiclmesslocation,isa functioqofthe
positioncoordinatesx and y oftheflowfield.At a given
chordwiselocationx, thestreamlinecurvatureisa functionof y
thatvariescontinuouslyfromthecurvatureCa oftheairfoil
contourat y = Y tothevaluezeroat y ==. Itprovesconven-
ientto considerthecurvatureC ata givenx asa functionof
thelocalvelocityv ratherthanof y. Intheapplicationsmade
herein,v willbe a monotonicfunctionof y. Hence,et leastfor
suchapplications,C canbe expressedas

c = Caf(x,v) - (7)

Theassumptionthatthestreamlinecurvaturecanbeaswell
expressedby a functionof x and v asby a functionof x and
y maybemoregenerallyjustifiedasfollows:Ofthefourbasic
variablesoftheproblem,namely,thevectorvelocitygivenby the
twovariablesv and 19,where 6’ istheangleofinclinationof
thelocalstreamdirectiontothex-axis,andthevectordistance
givenby thetwovariablesx and y, twovariablesaretobe
regardedas independentandtwoas dependent.Thesolutionofthe
so-calleddirectproblemofairfoiltheoryisrequiredintheform
wherev(x,y),e(x,y),andinparticularthevelocityV(X,Y)on
thegivenairfoilcontour6a(x,Y)arefinallylmown.-Theanalysis
of theproblem,however,canbemade,at leastinprinciple,with
anytwoofthevariablesconsideredas independentandtheremaining
twoas dependent.Thehodographmethod,fore=mple,isbasedon v
and 19astheindependentand x and y asthedependentvariables.

———

.
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N
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NACATN 2X50 7

Thepresentmethodisbasedon ‘v and x astheindependentand 19
and y asthedependentvariables.Conceivably,otherpossible
conibinationsmightbe advantageousinparticularproblems.similar
remarksapplywiththepotential,orthestreamfunction,orboth,
replacingoneortwoofthepresentvariables.

Thepresentmethodisthusa sortof semihodographmethod.
Whereasitretainstheprincipaladvantageofthehodographmethod,
namely,thatthevelocityv andhence,by equation(6),thedensity
p becomesessentiallyan independentvariable,itavoidsthewell-
knowndisadvantageoftheholographmethod;namely,difficultyin
satisf~ngtheboun~ conditionsinobtai~g flowspastgiven
fixedairfoilsasa functionofMachnumber.

Equation(4)becomes,uponsubstitutionofequations(5)and
(7),

JVP-$
Yca=

m ‘v
1

(8)

inwhichV isthesought-forvelocityat theairfoilat chordwise
locationx, thequantityx beingheldconstantintheintegration.
Equations(6)and(8)constitutean expressionforthevelocityV
ata pointonanairfoilintermsoftheshapeparameterYCa ofthe
airfoilatthatpoint,thefree-streamMachnumber~, andthe
curvaturefunctionf(x,v).(Fromthepointofviewoftheinverse
problem,thatis,designinganairfoilto satisfya prescribed
velocitydistribution,theshapeparameterYCa wouldbe regarded
as dependentupon V, ~, and f.) Thebasicreasonforexpress-
theairfoilvelocityV intermsofa streamline-curva~efunctioti
f isthat,intheformof equation(8),V isrelativelyinsensitive
to choiceof f. Aswillbe seen,a reasonablechoiceof f can
thereforebe madethatleadswithcomparativelylittlecomputationto
fairlyaccuratevaluesof V.

.
‘ Therelationbetweenthelocalvelocityv andthelateral

distancey at a givenx isobtainedbyintegrationof equstion(5)
fromanairfoilpoint (x,Y)or (xjV)toa fieldpoint (x,y)or
(x,v)as

JvY-=Y+g
a +%”

v

(9)

.
.—. .. —.-..—. ._ —— ___ ———.——-.—.———. . .— — s —...— .—— —— .. —.- . .



8 HACAm 21.30

Solutionofequation(8)for V enablesthelocalvelocityV(X,Y)
atanypoint’intheflowfieldtobe determinedfromequation(9).
Thestreamlineinclination19(x,y)canthenalsobe obtained,as
willbe subsequentlyshown.

Theonlyapproximationthusfarmadeistoreplacetheelement
oflengthdn alonga potentiallineby theelementoflengthdy
perpendiculartothechordline.Theresultingequations(6),(8),
and(9),togetherwithanassumedformforthecurvaturefunction
f(x,v),havebeenappliedinreference29to calculate(finite
perturbation)compressiblepotentialflowspastairfoils.An
approximationforthedensityp(v) isnextmade,whichleads‘to “
thegeneralsmall-perturbationformoftheprecedingtheory.

Small-perturbationcase.- By smallperturbationisherein
meantthatthelocalvelocityincrementv-1 producedby theairfoil
issmallrelativetounity.Thedensityp is,by equation(6),
therebyexpressibleas a powerseriesin v-1. Thus,thenumerator
oftheintegrandinequation(8)canbe developedas

P:-— =~v- rc~z+. . .

where

11=1-~z
r=l+ti-2-7 4
c- 2 -&0

limrc= r+

(lo)
.

.
(ha)

(llb)

(llC)

(lld)
%+1

ThevelocityincrementA atthe
velocityvariablez, anda Wch
definedas

airfoil,a normalizedlocal-
numberparameterK arenext

.— — ——. _ ———.- .



NACATN 2130 9

Jl=v-1 (12a)

(Mb)

(12C)

Intermsofthereducedlocalvelocityz, thecurvaturefunction
(equation(7))canbeexpressedas

c = Caf(x,z,K) (=)

Equation(13)caneasilybe shown,fromthegeneraltransonicsim-
ilaritytheoryofreference30,tobe themostgeneralpossible
formforthestreamline-curvaturefunctioninthesmall-perturbation
transonicrange.(Thispossibilitywaspointedoutby Professor
TheodorevonK&&n.) Conversely,itwillbepresentlyverified
thattheuseofequation(13)withthepresentformulationofthe
equationsofmotionleadsto thetransonicsimilaritylawsofrefer-
ence30. Thecurvaturefunctionf(xz,K) inequation(13)
mustsatisfytheboundaryconditionsf(x,l,K)= 1 attheairfoil
and f(x,O,K)= O at infitity.

Substitutionofequation(10)intoequation(8)andchanging
thevariableof integrationfrom v to z by equations(ha),
(12),and(13)yields

(14)

Similarly,therelation(9)betweenlocalvelocityv andlateral
distancey becomes,forsmallperturbations,

s1Y =Y+$
a &

z

Prandtl-Glauertrange.- Inthesubsonic
range,definedby O < ~ C < 1 or K+ =,

(15)

orPrandtl-Glauert
thedependenceofthe

..___— .-—. _——. — .— . --——— - —-— -——- ———-



10 NACATIv2130

curvaturefunction(equation(13))on K mustdisappear.Hence,
inthesmall-perturbationcase,A <<1, andforsufficiently
subsonicfree-streamZ@chnuuibersMo, thesecondterminthe
integrandofequation(14)canbe-neglectedrelativetothefirst,
andequation(14)canbewrittenas

Tca
— =F(x)
d2

(16)

whereF(x) isa functionof x oftheorderofmagnitudeof
unity.Forsmoothlycurved,thinairfoils,theshapeparameterYCa
canbe expressedastheproductofthesquareofthethicknessratio
T (T= maximumthichess/chordlemh) ~d a functionof x ofthe
orderofmagnitudeofunityovermostoftheairfoil.Equation(16)
canthereforebe writtenas

.~ G(x)‘G (17)

where T <<1 ati G(x) ‘.1. Equation(17)expressesthebasic
resultofthin-airfoiltheorythatthevelocityincrementat chord-
wiselocationx ofoneofa seriesofthinairfoils,allhaving
thesamegeometricshapebutdifferinginthicknessratio T, is
proportionaltothethicknessratioT ofthatairfoil.Equa-
tion(17)alsoexpressesthePrandtl-Glauertrulethattheeffect
ofcompressibilityinthelowersubsonicrangeisto increasethe

.

airfoilvelocityincrementby thefactorl/~1-%2*

Lowertransonicrange;similarityrules.- As thefree-stream
Machnuuiber~ is increasedtowardunity,or I.L+O,theairfoil
contourbeingsuchastomaintaina smallvelocityperturbation
A<<l, a valueof p < < 1 musteventuallybe reachedwhere
1“~1.Ibecomescomparabletounity.Thesecondtermintheintegrand
ofequation(14)isthencomparablewiththefirst.Additional
termsintheexpansionoftheintegrand,however,evidentlywould
remainnegligiblerelativetothefirsttwoterms.Hence,attran-
sonicspeedsdefinedby w e O, insteadoftherelationofequa-
tion(16)betweenthetwoparameters x and YCa/~2, equa-
tion(14)constitutesarelationamongfourptiameters;thus

( T2 rfLHx,—
+)

0
v.h2’“ (T~2 3 =

(18)

.

—- .— .——. . —- .——-—— —-——. . . . . . .._
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Thelastthreeparametersindicatedinequation
pendant,however,butcanbe expressedinterms
parameters.Thus,usingthethirdparameterof

u

(18)arenotinde-
oftwoindependent
equation(18)to

eliminateA fromthesecondyieldstheequivalentexpressionof
equation(14)

(19)

oralso,usingthesecondparameterofequation(19)toalterthe
third,

( ),

~1/3A -
J’> ’*p=. ‘ (20)

Inasmuchasthe~ressurecoefficientP ata pointontheairfoil
isobtainedintermsofthevelocityfromequation(3)inthesmall.-
perturbationcaseas

.

relation(20)canbewrittenas

~2/3

p = p 9 ‘x’=)

(21)

(22)

Thefunction9 inequation(22)isdeterminedlytheshapeofthe
airfoilandisoftheorderofmagnitudeofunfty.Equations(22)
and(12c)agreewiththetransonic-similaritytheoryasregards
velocitydistributionsonairfoils.

Bymultiplyingequation(15)by @ andusingthepreceding
relations,thereresultsforthevelocityincrementintheflow
field

~2/3 ~2[3
v= [~[&JnY-m) d=~~z x~ (TN3(Y-Y), ill(23)~j 1

.

. . ------ -.. .- -.=— —.-— —— —..__ ——-.———————— -—
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whereXl andN2 arefunctionsoftheorderofmagnitudeofunity

=/d fi(Y-y)>theaffinelytransformedlateraldistanceofthe
Karm& theory(reference30)isoftheorderofmagnitudeofunity
by equation(15).Equation(23)agreeswiththetransonic-similarity
theoryasregardsconditionsb theflowfield.Zquation(23)
reducesto equation(22)ontheairfoil.

Equation(22)statesthatifthepressurecoefficienthasa
certainvalueP1 ata chordwiselocationx onanairfoilof
thicknessratio T1 ina flowat speedMo,l- 1 andina fluid
of specific-heatratio71, thenthepressurecoefficientP2 at
thesamechordwiselocationofa geometricallysimilarairfoilof
thicknessratio 72 ina fluidof specific-heatratioy2 andat
a speedM0,2 givenby

%,12 %,22
==@jjm

(24)

willbe relatedtoP1 by
.

2’c#’3(2y’3 , “(,,)

ThePrandtl-Glauertruleisincludedinequation(22)ifan inverse
squarerootischosenfortheK-dependentpartofthefunction@.
ThisresultnecessarilyfollowsbecausethePrandtl-Glaudrtcaseis
obtainablefromthegeneralformulation,equations(14)and(19),
by letting rf&+o.

.
A furthersimilari~rulethatconcernsthelocalI&chnumber

maybenoted.Iniisentropicflow,thelocal.MachnuniberM is
relatedtothelocalvelocityv andthefree-streamMachnuuiber
~ asfollows:

Inthesmall-perturbationcase v-l = VC<l, equation(26)
becomes

(26)

.

.

m
R
t-l

.,
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where

and

M%=- ~+2rMv’,

rM. %. ( )
2 ~+7;lM2

o

hrM=r=Z$
I&l

13

(27)

(28a)

(28b)

,Equations(23),(27),and(28b)yieldthetransonicsimilarityrule
forlocalMachnumber

(29)

Equation(29)maybe appliedina mannersimilsrto equations(24)
and(25)torelatelocallhchnunibersMl and ~ atthe
correspondingpoints

(30a)

(30b)

intheflowfieldsof similarairfoilsT1 and 72 h fluids
characterizedby 1’1and rz at correspondingfree-streamMach
nunibers%,1 and %,2 givenbyequation(24).Insteadof equa-
tion(25),thefollowingrelation,obtainedfromequation(29),
applies:

I&l ~2-1
(31)

W=W

Variousspecialcasesofthissimilarityrulehavebeenpr&viously
, giveninreferences4,32,and33.

— -. .—- -—— ——.–...——— -——-— —-—————— - -
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Itmaybe
expressionsas
limit~ = 1,

NACA‘m ?130

. .
notedthatalthoughtheuseof r= (7+1)/2tisuch
equations(23)and(29)isvalidinthetransonic
inapplicationsforwhich ~ isf~tely different In

fromunityequations(28a)and(llc)for rM and r=, respectively,
shouldmoreproperlybe used.Thereasonisthatintheapproxi-
matingequations(10)and(27),onlythesmall-perturbationapproxi-
mation V<< 1 wasmadeandnotthetransonicapproximation
w c<l. Thistransonicapproximationwastideinequation(18),
andsoforth,onlyto showtheagreementbetweenthecomontran-
SO~C l~t~ ~he of rM and I’cwiththe I’ofreference30.

Explicitsolutionby choiceof cwvaturefunction.- Before
choosinga formforthecurvaturefunctionf = C/Ca andthence
calculatingtheflowpatternexplicitly,a fewgeneralremarksy
whichmaybe helpfulin judgingthedegreeofapproximationofthe
resultingsolution,willbemade. Thepresentformulationofthe
airfoilflowproblemis intermsoflongitudinaldistancex and
localvelocityv as independentvariablesandlocalstreamline
curvatureC andlateraldistancey as dependentvariables,
thatis,thesolutionforgivenstreamMachnumber~ is
requiredintheform C(x,v), y(x,v). Variouspossiblepro-
ceduresforobtainingthissolutionsuggestthemselves.Forexample,
an iterativeprocedurewouldbe toassume@ firstapproximationa
curvaturefunctionC(x,v), andthencecalculateY(X,v) and,
inparticular,thestreamlines,usingequations(1)to (9).The
curvatureofth6sestreamlineswouldthenyielda secondapproxi-
mationC(x,v) andtheprocedurewouldbe rep=teduntilsatis-.
factorgconvergencewasachieved.Again,a network-typeprocedure
wouldbeto setup thecontinuityintegral(1)betweenn pairsof
streamltiesratherthanbetweentheonepair(airfoilandinfinity)
inequation(4).Themnribern wouldincreaseinsuccessivesteps
ofthecalculation.Ineachstepa curvaturefunctionbasedonthe
ourvaturevaluesobtainedintheprecedingstepwouldbe usedto
yieldbysimultaneoussolutionofthecontinuityemddistanceequa-
tions(1)and(9)an increasednumberofcurvatureandcorresponding
distancevaluesforusetithenextstep.

Therapidityof convergenceoftheprecedingtypesofprocedure
couldbe expectedtodependstronglyontheinitialchoiceofcur-
vaturefunctioninthefirstapproximation.Itisthereforesensible
forcomputationalreasonsto choosean initialcurvaturefunctionin
thelightoftheinformationsuppliedby experimentandothertheory
astothebehaviorofthestreamlinecurvatureinthetypeofflow
fieldunderconsideration.

.—- . — . —.———— - –-————
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.
Onlythefirstapproximationisconsideredhereinandfreeuse

ismadeof experimentandothertheoryin settingup an initial
curvaturqfunction.Inviewoftheprecedingremerks,thisuseof
experimentandothertheoryshouldnotbe construedas inherently
limitingthedegreeofrigorinprincipleattainablein solutions
by thepresentapproach.Thisultimatedegreeofrigorcan%e
expectedtobe aboutthesapeaswithexistingperturbationornet-
workformulationsoftheairfoilflowTroblem.

An explicitform
equation(13),inthe
functionmustsatisfy

atairfoil,

for”thecurvaturefunctionC/Ca= f(x,z,K),
small-perturbationcaseis nowsetup. This
theboundaryconditionsoftheproblem;namely,

.

at infinity,

Y=~

v =A

Zul

C=ca

f(x,l,K)= 1

y+w

v-()

Z+o

C+o

‘f(x,O,K)-+0

(32a)

(32b)

Furthermore,itmaybe expected,atleastin subsonicflowandat
thechordwiselocationsnearthemaximumvelocityorthiclmess
regionsoftheairfoil(whichareofmostinterest),thatthestream-
linecurvaturewilldecreasemonotordcdlyfromthepositivevalue
Ca attheairfoilto zeroat infinity.A simplecurvaturefunction
thatsatisfiestheserequirementsis (reference29)

f.zr. (33)

inwhichtheparameterr isa functionof x and K tobe
determined.

-— .-..— .—. -——--— -.. — — ——— -.. .— —. _ .—
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Substitutionofequation(33)intoequation(14)andintefpa-
tionyields

~ rcL3Yc*=2 r-~ (34)

Equation(34)givesthelocalvelocityincrementA ona symmet-
ricairfoilincompressiblepotentialflowintermsofthelocal
shapeparameterYCa, theMachnumberparameterp, thespecific-
heat-ratioparameterrc, andtheparameterr.

In orderto determiner, itisfirstnotedthatto satisfy
theboundaryconditionalinfinity(equations(32b)),r mustbe
positiveandtheintegralforthelateraldistancey inequa-
tion(15)mustdivergeat z = O, apdthereforer 21. In
addition,thecontinuityintegral(equation(14))mustconvergeat
2=0, whichitdoesfor r <2. Hencer isrestricted
range

Inthespeedrangeforcontinuouspotentialflow,theflow

to the

(35)

pattern
islargelysubsonic,asmentionedintheINTRODUCTION.Hence,in
thisspeedrangethedeterminationof r willbe completed(1)by “
assumingr tobe independentof K, and(2)byrequiringequa-
tion(34)toyieldthe(presumed)knownvelocitydistribution
Ai(x) intheincompressiblecase ~ = O. Conditions(1)and(2)

areappropriate‘totheFrandtl-~auertspeedrange.Inthehigher
speedrangesdiscussedin subsequentsectionsinwhichtheflow
patternMffersvew substantiallyfromFrandtl-Glauerttype,these
conditionson r willbediscardedfornewones.By condition(2)
andequations(llb)and(llc),equation(34)yieldsforthedeter-
minationof r ..

YC 4L2 43
a ‘E-5

(36)

Thevaluesof r determinedlyequation(36)turnouttobe inthe
rangeof equation(35)overthemaximum-velocityregionofthe
airfoil,forwhichthecurvaturefunction(equation(33))wasset
up. Thistypeofinner

Thesecondtermon
principle,beneglected

consistencywillrecurofteninthisreport.

therightsideofeq~tion(36)can,in
inthesmall-perturbationcaseconsidered. .

.

.— —.
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Betterresultsareobtained,however,inapplicationstoairfoils
offinitethicknessratio(oftheorderof0.1)ifitisretained.
Sometheoreticalexplanationforthisimprovementandhenceretention
ofthe“terminquestioncanbe madeasfollows:Therightsideof
equation(34)actuallyconsistsofthefirsttwotermsofan infinite
seriesinthevelocityincrement& whichisevidentforanycur-
vaturefunctionf, fromequations(8),(10),and(14).Ifthe
coefficientsmultiplyingthepowersof A areof comparablemag-
nitude,as inequation(36),itmaythereforebe expectedthatfor
smallbutfiniteA thefirsttwotermsoftheserieswouldbe a
betterapproximationtothecompleteseriesthanthefirstterm
alone.

Thus,finally,inorderto calculatea velocityincrementA
at a chordwiselocationx ona symmetricairfoilat zeroliftat
Machnuniber~ by thepresentmethod,theshapeparameterYCa.
andthelow-speedvelocityincrement& atthatpointaredeter-
minedfirst.Thequa~aticequation(36)for r isthensolved
forthevalueof r intherangeof equation(35). (Ifsucha root
of equation(36)doesnotedst,thepresentexplicitsolutionbased
onthecurvaturefunction(equation(33))fails.)Whilekeeping
thisvalueof r constantas ~ variesandusingthevaluesof w
and rc correspondingto thedesired~, equation(34)is solved
forthedesiredvelocityincrementA(x) atfree-streaml%achnumber
~. Forconveniencein solvtigthecubicequation(34)for A for
variousvaluesoftheotherparameters,theseotherparameterscanbe
couibinedasfollows:Let

u~_2-r rcA
3-r p

x= (2-r)3rc2YCa
(3-r)2 ~3

Equation(34)thenbecomes

X=A2-A3
Equation(38)isTlottedinfigure3.
thedouble-valuednessof (positive)A
sequentlydiscussedinconnectionwith
phenomenon.

(37a)

(37b)

(38)

ThemostsignificantZeature,
forgivenx, willbe sub- -
thepotential-limit

—.--- -—---—- -- - — - —--—- -——-— .—— .–-—— __-_-__—.—. . . ———.-—
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Conditionsinflowfield.- oncethevelocityincrementA at
theairfoilhasbeenobtained,thevariationoflocalvelocityv
inthefieldtithdistame Y fromtheairfoilcanbedete~ned .
fromequation(I-3).Withthecurvaturefunction(equation(33)),
equation(15)@elds

,

[ 1r-1(r-1)(Y-y)ca

==; = 1’~
(39)

Thestred.inecurvatureisexpressedintermsof y by equa-
tione(33)and(39)as

-r

[ 1

z
(r-1)(y-Y)ca

f=$= 1+ A
(40)

a

Theprecedingequationsshow&t boththelocalvelocityandthe
streamltiecurvaturedecreasemonotonicallywith y fromtheir
valuesattheairfoiltozeroat infinity.Theactualmannerof
thisdecreasedepends,ata givenchordwiselocationx, onthe
airfoilcurva- Ca andontheequationsofmotionthroughthe

parametersr and h. Actuallythereisthereforenota greatdeal
ofarbitrarinessinthevaluesof streadinecurvatureo~tai.nedhere.
Oncea basicformsuchas eqution(33)ischos~jtieac~l ‘alues
of streamlinecurvatureintheflowfieldaredeterminedby the
equationsofmotionandinsucha wayasto satisfytheseequatiom
ontheaverageor inthelarge(inasmuchastheintegral,rather
thanthedifferential,formofthecontinuityequationwasused).
Theinsensitivityofairfoilvelocityandhencealsooftheflow
patterngenerallytothechoiceofa particularformof curvature
functionsuchasequation(33)isthusplausi%le.

A streamlineintheflowfieldcanbe tracedoutasfolluws:
A streamlineisdefinedbya constmtvalueof y. inthecontinuity
equation(1),whichcanbewrittenas

J’Y

Y. =pvdy
Y

(41)

.

.

.__—
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Eliminatingv inequation(41)by theirrotationalityrelation
(5)givestheequationofthestreamline

Y = S(x,yo) (42)

Thus y. isineffectthestreamfunction.Inthesmall-

perturbationcase,equation

3-0- (y-Y)=

=

sY
(pv-l)dy

Y

(41)canretransformedasfollows:

rA

Hence,usingequation(34),

(
11112z2-r rcAz3-r

Y-Yo=~ ~--y~
a )

.

(43)

Eliminationof z inequation(43)by useofequation(39)gives
theequationofthestreamline(equation42). Theinclination13
ofthelocalstreamdirectiontothex-@s canthenbe obtained
astheslopeofthestreamline.

Itisof interesttonotethatfor r = 3/2, whichisinthe
middleof itspermissiblerange(equation(35)),thelocalvelocity
incrementfarfromtheairfoilisgiveninthePrandtl-Glauert
rangeby equations(39)and(16)as

Thisexpression
by conventional

lim v ~
+

(44)
y+ m

agreeswiththatobtainedfora source-sinkdoublet
methods.

.
— .—...__—_.—— . —--———- -z ——.-—-— —. ——.—...
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Illustrativeexamples.
explicitsolution,consider
ofthicknessratio T= 0.1.

NACATN z130

- Inorderto illustratethepreceding
firsttheK&plansection(reference6)
Thiscontour,indicatedinfigure4,

canbe expressedinparametricformas (r&?erence34)
—

(45a)

(45b)

where O Cq<2m. WhentheshapeparameterYCa(x),as deter-
minedlyequation(45),andtheincompressiblevelocitydistribu-
tion 4(x), as deterd.nedby conformaltransformation,aresub-
stitutedintoequation(36),theparameterr(x) isfoundtovary
from r =1.301 at t.hemidpoint~=0 to r =2 at ~= ().645
(beaauseAi = O but YCa#O at ~ .0.645).Thus,by
equation(35),theprecedingexplicitsolutionfailsoutsidethe
rangeO < 1~1<0.645.Thevelocitydistributions&x) atvar-
iOUSMachnumbers~, asobtainedfromequation(34)withinthis
chordwiserange,areshowninfigure4. Forcomparison,theresults
obtained(reference29)withoutmakingthesmall-perturbationapprox-
imationofequation(10)forthedensityandtheresultsofI@plan
(reference6)areshown.TheresultsofKaplanwereobtainedby
substitutinga seriesforthepotentialinpowersof T intothe
partialdifferentialequationforthepotentialandsuccessively
soltingthePoissonequationsobtainedby equatingordersofmag-
ni~de in ‘T.Thecalculationwascarriedouttothethirdorder,
T ‘.

Thethreesetsofdistributionsinfigure4 areseennotto
differ~eatlyexceptforMachnumbersnearthepotentiallimit,
thatis,the~ Machnumberforwhichthemethodyieldsa
solution.Thislimitingcasewillbe discussedinthenextsection.

As a furtherillustration,A(MJ atthemaximumthickness
locationsofthethree T= 0.1 sections- Kaplan,symmetric
biconvex,andellipse- as calculatedby thesmall-perturbation
integralmethod,thefinite-perturbationintegralmethod(refer-
ence29),andbyvariousotherauthorsis showninfigure5.

The
obtatned

resultsoflkntzsche(reference.7)fortheellipsewere
by a methodsimilartothatusedbyKaplan.Thecalculations

.

.
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,

werecarriedtothethirdorderina thickness-ratioparameter,which
insuccessiveordersequalledT, ~, and T3+@10~T),

respectively.

InthemethodofG&hert-andKawalki(reference17),theinflu-
enceof compressibilitywasrepresentedby a-finitenumber(12per
quadrant)ofsourcesandsinks(Rayleigh-&nzenidea)locatedinthe
incompressible-fluwfield,as correctedby thePrandtl-Glauertrule,
outsidea givenairfoil.Thesource-sinkstrengthusedforcalcu-
latingvelocityincrementscausedbycompressibilitywascomputed
by iterationfromtheflow-fieldvelocitiesthemselvessoasto
satisfycontinuity.As manysuccessivestepsinthecalculations
(-10 nearthepotentiallimit)weremadeas requiredforobtaining
a self-consistentcompressible-flowfieldthatcouldbe regerdedas
an incompressible-flowfield,withthegivenspatialarrangementof
sourcesandsinkssuperimposed.

Finally,thevelocityincrementsgivenbythePrandtl-Glauert
andK&rm&n-Tsienrules,(reference35)areincludedinfigure5.
It canbeseenfromfigure5 thattheresultsofthepresentmethod
differfromthoseoftheothermethodsby aboutthesameamountsas
theresultsoftheothermethodsdHferamongstthemselves.

ThePrandtl-Glauertrulehasan interestingconnectionwith
thepresentmethod.Thisruleresultswhenthesecondtermin
equation(34)isnegligiblerelativetothefirstterm,as isthe
caseinthesubsonicspeedrangeforsmallperturbations.Thetran-
sonictermisalsonegligible,however,forhigherspeedsorlarger
perturbationsif r - 2. As previouslynoted,r+2 atthosepoints“
ontheairfoilwhereLi * O but YCa~ O. Nearthese(locally
subsonic)locationsthePrandtl-Glauertrulemaythereforebe expected
toapply.Ontheotherhand,themaximumvelocityincrementsonair-
foilsofthetypeillustratedinfigure5 turnouttovarywithMach
numberinthesubsonicrangeina mannerapproximatingtheK&m&- -
Tsienrule. (Seealsoreference29). InasmuchastheK&m&J!sien
ruleitselfapproachesthePrandtl-Glauertruleforsmallvelocity
increments,thepresentmethodthereforegivesresultsinthesub-
sonicspeedrangenotgreatlydifferentfromthoseobtainedbythe
K&rm&-Tsien.rule. ●

Potential-limitphenomenon.- Incomputinga velocitydistri-
butiononanairfoilata fixedfree-streamMachnumber~ by
equation(34)asplottedinfigure3, a portionoftheairfoilcon-
tourisputintocorrespondencewitha portionofthelowerbranch
offigure3. Forexample,ontheKaplansectionat ~ = O, the

. ..——-..— ——.— -—-. — ———.—
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regionofairfoil0.178<x <0.823 correspondstotheportionAD
infigure3, suchthattraversingthestretch0.178< x <0.5 on
theairfoilcorrespondstotraversingthestretchAD andtraversing
thestretch0.5< x <0.823 ontheairfoilcorrespondstotrav-
ershgthestretchDA.

As theMachnumberincreases,thesameregionoftheairfoil
correspondto a greaterportionofthelowerbranch.offigure3,
thepointA correspondingto x = 0.178 and0.823remainingatthe
originbutthepointD correspondingto x = 0.5 movingawayfrom
theorigin.Forexample,thefixedairfoillocationx = 0.5corre-
spondsat ~ = 0.5 topoint~, at & = 0.75 topoint~, and

at%=%,2 = 0.807 totheturningpointB betweenlowerand
upperbranchesinfigure3. Thus,at a certainlowestfree-stream
Machnu@er ~,Z a point X2 onanairfoilcomesintocorre-
spondencewiththeturningpointB infigure3. Forhigherbut
stillsubsonicfree-streamMachnumbers,thestretchAB remains
fixedat itsmaximumextentbutnowcorrespondstoa diminishing
regionofairfoil,suchthatthegapontheairfoilforwhichno
solutionsforthevelocityareyieldedbyequation(34)orfigure3
spreadsoutfrom X2 as ~ increasesintherangeMO,Z<M. <1.

Forexample,ontheKaplansectiontheforbiddenregionat ~ = 0.85
iS 0.35<x <0.65. Thus,~,Z isthemaximumfree-streamMach
numberforwhichcontinuouspotential-flowsolutionsareobtaimible
by thepresentmethod.Herein~,Z istermed“thepotential-limit
Machnumber,”

.
andthecorrespondingflowpattern,“thepotential-

limitsolution.”

Quantitatively,theturningpointB correspondstothecondition
dX/dA= O inequation(38)or,equivalently,thecondition
(@/~)r,yCa. co~t =0 inequation(34).Hence,atthepotential

limit(denotedby thesubscript2),

or,by-equation(37)

3 4=—
27

.
——. . . . — -——

(46a)

(46b)

(47a)

—.—.———

.

,

Inm
N
l-l

.
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()-d= p.Pyc
r: (3-r)2 a

2

Theprocedureforobtainingthepotential-limitMachnumberfora
symmetricairfoilat zeroliftisthentoplottherightsideof
equation(47b)asa functionof chordwiselocationx. Thepotential-
limitchordwiselocationX2 isthatwheretherightsideattainsa
maximumvalue.Thismaximumvalue@elds,by equation(47b),a value
of ~3/rc2 that, by equations(llb)and(llc)jdeterminesthe
potential-limitMachnumber~,2. Thecorrespondingvelocity
incrementf$ isobtainedfromequation(47a).Thevelocitydis-
tributionovertherestoftheairfoilatMachn~er %,x iS
determinedasusualfromequation(34)or (38)usingfigure3.

Thepotential-limitvelocitydistributionsfortheKaplansec-
tionby thesmall-andfinite-perturbationintegralmethodsare
showninfigure4. Thepotential-limitMachrnmlbersby thesetwo o

methodsare0.807and0.643,respectively.Kaplan(reference6)
estimatesfromthefirstt~ee termsofhisexpansionforthepoten-
tialthattheentireserieswoulddivergebeyondl% = 0.63. G&hert
andKawalki(reference17)alsolocatea limitingMachnumberabove
whichtheirmethoddoesnotconvergetoa self-consistentsolution
regardlessofthenmiberof iterationsperformed.Althoughthevar-
iousdeterminationsoflimitingMachnumber%,2 md thecorre-
spondingvelocityincrementAZ, indicatedbythecircledpoints
infigure5, donotagreeextremelyclosely,nevertheless,consider-
ingthediversityofthemethodsused,theinferencea~eerswar-
rantedthata unique,upper-limiting,subsonicfree-stri%mMachnum-
berexistsbeyondwhicha continuouspotentialflowpasta given
airfoilcannotbe derived.

Variouspropertiesofthepotential-limitflowpatterncanbe
derivedby thepresentmethod,whichnotonlymakeiteasytounder-
standwhythislimitingflowpatternshouldexistbutalsoconnect
itwiththeso-calledlimiting-linephenomenonencounteredinthe

23

(47b)

-hodo~ph
place,at

method.(See,for&uunple~reference36.) Inthefirst
thepotentiallimitthelocal.Machnumber1$ atthe

—...!. .—-— —--. .—-= -- —-——.—— __ ..— — ___ —.-.—— —-
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v

chordwiselocationX2 ontheairfoilmustbe greaterthan1,and
,

hencea localsupersonicregionmust’existintheflowfield.By
equations(27)and.(47a),

.

(48)

Inthepermissiblerange(35)for r, the’rightsideofequa-.
tion(48)ispositivedowntoatleast~,1 = 0.63.Forthethin
airfoilscontemplatedhere,~,z > O.m =d hence 1$>1, as
indicatedbytheconstantlocalMachnuuibercontoursinfigure5.

Secondly,”thevelocitygradient~
finitediscontinuity’atx = XZ when ~
(denoted%y a subscript)ofequation(34)

isfiniteandsuffersa

= %,2” Differentialion
withrespectto x yields

*A
%( --~(yca)x-rx“’)3rcA2

2-r 3-r’

Thequantityinparenthesesontheleftsideofequation(49)is
zerofor M. = %,2, by equation(47a).Therightsideof equa-
tion(49)iszeroat x = X2 for ~ = ~,2, as canbe seenfrom
equation(47a)andfromthepotential-limitconditionthat p3~c2
inequation(47b)be a maximumat x = X2; thatis,thatits
derivativeby x iszeroat X2. Thus> x inequation(49)is
give nbyanindeterminateformat ~ =%,2, x .X2. Application
ofl’Hospitaltsruletothisindetetinateformanduseof equa-
tion(47)fieldsa quadraticequationfor Ax. Fortheu~al a~-
foilshapes,thetworootsofthisquadraticarerealandof oppo-
sitesign. (Fortwo-waysptric airfoilssuchas infig.5,
thetworootsarenumericallyequal..)HenceAx undergoes,in
general,a finitediscontinuityat x = X2 for ~ = ~,2 of an
amountequaltothedifferencebetweenthese,tworoots.Thisdis-
continuityinvelocitygradientisindicatedfortheKaplansection
infigure4 at x = 0.5 and ~,2 = 0.807,M0,2= 0.843by the
small-andfinite-perturbationmethods,re~ectively.If
(Yea)== rx = r= =
andno discontinuity

O at x= ‘2} ~ ‘~,1> ‘i& alsO‘x = 0
occursin 4X atthepotential-limitpoint

.

.

*

“

.-—.
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inthiscase.Theprecedingstatementsfor & alsoholdforthe
fluidaccelerationontheairfoilinasmuchastheaccelerationis
givenby (1+~~.

Third,by eliminatingy betweenequations(39)and(43)and
‘ differentiatingtheresultby x, an expressionforthevelsoity
wadient (Vx)salonga streamlineintheflowfieldisobtained .

thatisa<linearfunctionof &, (yCa)x,rx, ~d Ca,x,~th
coefficientsdependenton A, YCa, r, and Ca. Furthermore,the
slopeofa constantvelocity,or constantlocalMachnmiber,line
(YX)M,~tiplied bY the10C~ str~ine c~at~e C, eqwls ‘

(VX)6.Hence (VX)6,thelocalfluidaccelerationalonga stream-

line,and (YX)Mareassociatedwith Ax at a givenx inbeing
fini~eor infinitetogether.

Fourthjthepresentmethodyieldsa secondflowpatternatand
abovethepotentiallimit,whichoverlapsthefirst.Thispattern
isgivenbytheupperbranchofthecubiccurve,figure3;for,at
thepotentiallimit,theturningpointB is justreachedfromalong
thelowerbranchAB bon traversingtheairfoilto itspotential-
limitchordwise.location~. Inretracingtheairfoilintheoppo- “

sitedirection,theupperbranchBC couldbe used.For ~>~jz>
insteadofa singlechordwiselocationX2, twochordwiselocations

X2,1 and X2,2 correspondtotheturningpointB,aspreviously
mentioned.Betweenthetwolinesx = X2,1 =d x ‘ X2,2 isthus
a regionof spaceforwhichno solutioncanbe foundby thepresent
method,Outsidethisregiontwooverlappingflowpatternsare
derivable,correspondingto thetwobranchesinfigure3. At the
linesx = %,1> x = X2,2> thevelocity~adient & is,ingen-
eral,infinite.(Theleftfactorinequation(49)is zeroby equa-
tion(47a),buttherightsideisnotzero,becausep3/rc2of
equation(47b)isherenota maxhmm.) Theseresultsandthoseof
theprecedingparagraphshowthatthelines x = X2,1”and x = X2,2,
whichare potentiallinesinthepresentapproximation,areenvelopes
of constant-velocity,or constantMachnumber,lines.Furthermore,
it isplausiblethatthelinesx = X1,l and x = X2,2 arealso
envkopesofMachlinesorcharacteristics;a pointof infinite
velocitygradientina supersonicregionrequiresa spacingofMach
linescloserby anorderofmagnitudethandoesa pointof finite
velocitygradient,andan envelopeofMachlinessatisfiesthis
condition.

. ..- .. —---- -.-. ..—- — . ...— —
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Theprecedingpropertiesindicatethat x = xl,l and
x= =2,2 maybe limitinglinesinthesenseofthe-hodographmethod
andthatthepotential-limitsolutionistheboundarysolutionbetween
continuouspotential-flowpatterns,for’~ < %,2, andflowpatterns
withlimitinglinesboundingforbiddenregions,for ~ > %,2. This

inferenceis supportedby a closerexaminationofthelimiting-line
phenomenonasfollows:

A limitinglineina flowfieldisdefinedasthelocusof
pointsatwhichtheJacobianJ = ~(@,Uf)@(v,e)fromthehodograph‘
(v,e)-planeto thephysical(0,W)-planevanishes.(Constant@
and Y definethepotential.andstreamlines,respectively,inthe
PhYSicalplane.)

Thedifferential
ence35)

C&siderthereciprocalof-this-Jacobi&-

J-l
= a(v 9

d
bag a-d

‘r@ TW-mm , (50)
Y

equationsofmotioninintrinsicformare,(refer-

(51a)

.

(51b)

Substitutingequations(51)into.equation(50)andnotingthat

J-1~ p+ J-l=

where b~s isthevelocity
isthestreamlinecurvature.

(f-l.)(g -
gradientalong

()v2g2 (52)

a streamlineand -ae~s

Thevariationof J-l alongthe T= 0.1 biconvexairfoil,
determinedlyequation(52)andthevelocitydistributionsprevio-
usly calculated,isshowninfigure6 forvariousvaluesof ~.
Fi~e 6 showsthatthepresentmethodyieldsfinitevaluesof
j-l intherange

occursat x = x2
%5%,2” Theonlydiscontinuityinbehavior
= 0.5 atwhichpoint J-l(%) undergoesa finite

-..-—–——------ .-— ——---- _—_____ _.. —
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discontinuityfor ~ = ~,z (because,aspreviouslydiscussed,
~v/?lsundergoesherea fi~te Mscontinuityasa functionof ~).

Itmaybe inferred,ingeneral,-that J-lC O“ evewhere for
%5%,2” For,equation(52)canbe solvedfor (~fie)s as
(subscripts denotesvaluesalonga streamline)

.

For j-l= O, equation(53)yieldstheFmmdtl-Meyerrateof change
for (hfie)s insupersonicregions.For j-l>O, equation(53)
yield5a numericallygreaterrate.Now,ina localsupersonicregion,
embeddedina subsonicflowfield,it isknownthat (bvfie)s must
be numericallylessthanthePrandtl-Meyervalue(references37and
38)becausethesonicboundaryreflectsMachwavesofoppositesign
to thoseincidentuponit. Flowshavingfinitefluidaccelerations
andstreamlinecurvaturesandcontaininglocalsupersonicregions
mustthereforehavea finitej-l< 0 everywhere(insubsonic
regionsJ-l< 0 by equation(52)).Hencejalso ~ <0 within
suchflowfielti.TheprecedingdiscussionUY be regardedasan
indicationofa simpleproofofa theoremofFriedrichs(reference39)
totheeffectthatifa continuouspotential-flowsolutionV(X,y,%),
6’(x,Y,~) variescontinuouslywith ~ andapproachesa limitas
~ approachessomelimitingvalue,thenthislimitingsolution
itselfcannotcontainanypointsatwhich j = O; thatis,a
limitingline.

Therelativelysmallregionofpositivevaluesof j-l indicated
m figure6 for Mo~ %,z mustthereforebe regardedas dueto,and
indicatingtheextentofj theapproximationsinthepresentmethod.
A plotof j-l wouldappeartobe a usefulindicationforassessing
andpossiblyimprovingtheaccuracyoftransonicvelocitydistribu-
tions. Thefinitediscontinuityin j-l(~) at x = x~ for
~ = ~,~ maywelleXiSt(intheory).Thepresentmethodthus
illuminatesthetheoremofFriedrichs.

For ~> ~,Z, figure6 showsthat j-l+m, hence j+ O
at a point xz,1(~) ~d atthes-trically disposedpoint

%,2 = 1-Xz,1 (becausehere ~v/%+ m, aspreviouslynoted).

...—. ._ —. -—. — —. _. .._ ...— -— -—-———-—- -——
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!l?hus,formalcontinuationofthepresentmethodto ~ > ~,z ~el~
discontinuoussolutionscontainingforbiddenregions‘1,1‘x ‘%,2
boundedby limitinglines,aspreviouslyinferred.

Thereasonfortheexistenceoftwovaluesof A fora givenX
infigure3,ahdhencetwooverlappingflowpatterns,ofwhichone
correspondsto eithersubsonicorslightlysupersonicconditions
andtheothertohighlysupersonicconditions,isessentiallysim-
ilartothereasonfortheexistenceoftwopossiblevelocitiesfor
a givenflowareainone-dimensionalflow,as ina converging-
tivergingnozzle.Indeed,thepresentmethod,whichmakesuseof
theequationofcontinuityinquasi-one-dimensionalorhydraulic
fashion,showsratherdirectlythatthepotential-limitsolution
occursforessentiallythesamereasonthata converging-diverging
nozzlechokeswhena sufficientlyhighbutsubsonicMachnumber
occursaheadofthethroat(referenoe29). (Themass-flowdensity
pv passesthrougha maximumata localMachnuniberof1.) The
mannerbywhichsteady-flgwpatternscanneverthelessexistfor’
thesubsonicfree-streaml!achnumbersbetween~,~ andunity,in
spiteoftheanalogofthischokingphenomenon(whichpreventshigher
subsonicMachnmibersfrombeingobtainedaheadofthethroatin
nozzles)isconsideredinthenextsection.Inparticular,it
willbe sebnthatthepurelymathematicalextrapolationmade
hereinleadingtothelimitinglinesx = X7)1 and x = X2,2,
hasnophysicalsignificanceinconnectionwiththeshockthat
actuallyappearsatthese~ch numbers.

LOWERTRANSOEICMYM@XRIcFLOWWITH

T!mMlmLSHOCK

Velocity distributions.-’InthisSection,asymmetricflow
patternswitha singleterminalshockwillbe derivedforfree-
streamMachnunibersfromthepotential-limitMachnunibertounity.
Theanalysis,particularlythatconnectedwiththeterminalshock,
ismoreuncertaininthisrangethanintheneighboringspeedranges
becausetheterminalshockisno longeratmosta boundaryofthe
regionof interest,butexistswithinit.

Theprocedureforobtaininga symmetricsolutionatthe
potential-limitMdchntmder,derivedintheprecedingsection,indi-
cateshowasymmetricsolutionsmaybe obtainedathigherMachnumbers.

.

.

.

.
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Thus,indeterminingtheairfoilvelocityincrementsatthe
potential-limitfree-streamMachnumberasa functionof chordwise
location,thelowerbranchofthecurveinfigure3 wastraversed
fromA toB, thepotential-limitpointB beingreached,say,atthe
midchordlocationforthesymmetricbiconvexairfoil.Ingoingfrom
midchordtowardthe-trailingedgeonthe.airfoil,thecurvewas
tracedbackfromB toA, givingthesymnetricsolution.Becausethe
turningpointB atmidchordhas@st beenattained,however,itis
possibleto continuearoundandhavepertoftheupperbranchBC
correspondto therearpartoftheairfoil.Thechordwiselocation
x ~ inthepresentspeedrangethereforehasthepropertyofa=x
branchpoint,aspreviouslyexplained.Thispropertymaintainsthe
analogywithconditionsatthethroatofa converging-tiverging
nozzle.

Theprecedingprocedureyieldsanasymetricsolutionatthe
potential-limitMachnumber.Inorderto obtaina solution,andin
particularanasymmetricsolution,withoutforbiddenregionsat
highersubsonicMachnurdbers,thebasiccubicequation(34)mustbe
modified.Themodificationmadehereinisto introducea nonvan-
ishing,lateralstreamlinedisplacement5 at infinity(fig.2).
Sucha displacement,oftheorderoftheairfoilthickness,is
clearlynecessaryforsteady-flowpatternsto existnearsonicspeed
ifthefree-streamfilowisto “getby”theairfoilinaccordance
withsteady-statecontinuityrelations.(Thata steady-flowsolution
isyieldedbytheequationsofmotionatpreciselysonicspeedhas
beendemonstratedbyGuderley,references38,40and41.) Thestream-
lineat infinitycanstillbe consideredstraightandparallelto the
x-axis,relativetotheairfoilslope,H itslateraldisplacement
5 isassumedto occurgraduallyoveran infihitetistancealongthe
streamline.Thus, 5 willnotbe a functionofairfoilchordwise
locationbutwillbe constantfortheentireairfoil.Itwill,how-
ever,be a functionoffree-streamMachnuniber.Theintroductionof
a nonvanishing,lateralstreamlinedisplacementb inthepresent
speedrange‘o< M0,2< 1 doesnotconflictwiththeproofpre-

viouslyindicatedthat 5 “vanishesforsubsonic-flowconditionsand
nowakesat infinity;thesimultaneousintroductionofa shock”ter-
minatinganasymmetriclocalsupersonicregionimpliesa shockwake
of slightlydecreasedtotalheadextendingto infinity.Sucha wake
providesa mechanismforproducinga nonvanishingdisplacement
similartothatpro~dedby anordinarysubsonicwakeproduced
boundary-layeraction.

5
by
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,
By subtractinga

Y inthebasiccubic
suitabledisplacementfunctionb(~) from
equation(34),bothbranchesinfigure3 can

nowbe correlatedcontinuouslywith-theairfoilcontourinthe
speedrange~,z < ~ <1 toyieldanasymmetricsolution.In
orderactuallyto calculatethissolution,thevariationofthe
curvatureparameterr with x and K, or itsequivalent,must
firstbe determined.To thisend,theassumptionisfirstmade
thatthepotential-limitconditionof equation(47),with Y ‘
replacedby Y-b, willapplythroughoutthespeedrange
~,1 < ~ <1 tothesamechordwiselocationx = XZ firstfound
torequirethepotent~al-limitcondition.Inmoregeometricterms,
ifthebasiccubicequation(34)istiewedasa surfaceinthe A,
x, and ~ space,thenthepotential-limitconditibn,whichhhs
beenregardedasdetermininganabsolutemaximumof ~ onthe
projectionsofthissurfaceinthe A, M. pl~e, cantherefore
be regardedas deterudaingthesaddlepointofthissurface.Hence,
“inthe & x plane,thepotential-limitpointisa branchpoint.
Secondly,itisnotedt~t thevelocitiesobtainedalongtherear
portionoftheairfoil,correspondingtotheupperbranchinfig-
ure 3,andusingthesubsonicvaluesof r previouslydetermined,
becomemuchgreaterthanthosecorrespondingtoa Prandtl-Meyer
distribution.As pointedoutbyTsienandFejerinreference37,
however,thevelocityina localsupersonicregionshouldbeless
thanthatina Prandtl-Meyerexpansionthroughthesameangleof
turn,thedifferencebeingdueto compressionwavesreflectedfrom
thesonicbounda~andstrikingtheairfoil.Inasmuchasthese
compressionwaveswillprobablybe of smallinfluencecomparedto
theexpansionwavesemanatingfromtheairfoilforthesizeandthe
shapeoflocalsupersonicregionstobe e~ectedinthepresent
speedrange,itwillbe assumedthatthesupersonicportionofthe
velocitydistributionstobe derivedwillbePrandtl-Meyerdis-
tributions.(Itwouldnotbe difficulttoobtainmoreaccurate
velocitydistributionsinlocalsupersonicregionsonthebasisof
theshapeandextentokthesupersonicregiondeterminedby the
firstapproximationconsideredherein.)-ThePrandtl-Meyervelocity-
distributionformulacanbewritteninthetransonicsmall-
perturbationlimitingcaseas (reference30)

M?-1= ~ + 2r’A= 31’(e-ee)
2/3 “

where

(54)

(55)

m
In
N
l-l

.

.
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and W3e isthe(positive)angularchange,k radians,of slopeof
airfoilcontourfromthevalue ee atwhichthelocalMachnumber
is1 tothevalue e atwhichit is M. Throughoutthissection
andthenext,forsimplicityinthecalculations,all I’tsthat
arise,suchasthe I’M of equation(28),whichshouldappearin
equation(54),srereplacedby I’= 1.2 unlessotherwisementioned.
Hence,thecalculationsarelimitingcalculationsfor ~ = 1; that
is,thetransonicapproximationismademorestrictlythaninthe
precedingsection,wherethefunctionsrc(~) and I’M(%)were
used.

By assuminga Prandtl-Meyerdistribution,theproblemofcal-
culatingthesupersonicportionofvelocitydistributionsina given
speedrangeisreducedto determiningonepointofthisdistribution
(thatis,velocityandairfoillocati.’on)at eachfree-streamMach
number~ intherange,whichisnecessaryto evaluatetheconstant
ee inequation(54).Thisonepointwillbe chosenasthevelocity
at thepotential-limit,orbranch-petit,locationx = xl inthe
presentspeedrange..It is convenientto carryoutthedetermination
withthebasiccubicequation(34),asmodifiedbyinclusionof 5,
andthepotential-limitcontitionof equation(47)inexplicity
similarityform,thus:

where

()2 5- (3-r)%!=~ 2.r

(Y-qca ()—=$ %3(-2T2

K =p/(TF)2/3

L .r~(Tr)2/3

(56)

(57a) ,

(57b)

(58a)

(58b)

Explicitcalculationswillbemadeforthethinsymmetricbiconvex
airfoil.Thisairfoilcontourisgiven,forsmallthiclmessratio
T, by

* . —... .- ——- _ _ . . _. .— -—..—..— .-—— _____ ___ . __ ___ __ ___ ____ _
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E = 2x-1= - $T (59a)

(59b)I

Theleftsideofequation(56)becomes,by equations(59)

(Y-b)ca
~2 ( t)=2 1-$- 2 (60)

Thepotential-limitlocationforthesymmetricbiconvexairfoil
is y =0.5 or Et =0. Inasmuchasa uniquesteady-flowpattern
at%= 1 isassumed,whichiscontinuouswiththeflowpatterns
existingoneithersideof ~ = 1, theveloc’ityat ~ = ~z = O
inparticularmusthavethisproperty.Inthenextsection,the

1/3 isderivedforthevelocityparameteratvalue~ = 2

t=t~ =OatK= Oor~=l, by ananalysisfor ~> 1.
Inorderforequation(57a)toyieldthisvaluealso,itisnec-
essarythat r+2 as K40 andinsucha waythat

Kz
lim — =

z-r %=1”890‘K~O
(61)

At sonicspeed,a nonvanishingstreamlinedisplacementat infinity
8 istherebyobtained,givenbyequations(57b),(61),and(60)
with ~=0 as

28/7= 0.5 (62)

Thisvalueof 5, halfthemaximumairfoilordinate,isofthe
rightorderofmagnitudeinasmuchas atpreciselysonicspeeda
streamlinedisplacementat infinitysomewhatgreaterthanthemax-
imumairfoilordinateisclearlyrequiredbysteady-statecontinuity
considerations.

Thevelocityatthepotential-limit
cannowbe obtainedasa functionof M.
cedure.Thevalueof K/(2-r)at 3% =

chordwiselocation~z = O
by an interpolationpro-

~,~ = 0.831 and
t=t~ = O is1.60fromtheresultsofthe-precedingsection.This

. . —. . — .
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valuedoesnotdiffergreatlyfromthatat ~ = 1 givenby equa-
tion(61).Accordingly,’”a linearvariationof K/(2-r)at g = O
asa functionof K canbe assumedinthisrangethatyieldsr(K)
andthence%(K) and 5(K) at ~= O, by equations(57)and
(60).ThevaluesLZ(K) at ~= O enablePrandtl-Meyervelocity
distributionstobe determinedovertheairfoilat eachMachnuniber
M. correspondingto K by equation(54).

As a possiblerefinement,thevelocitydistributionoverthe
frontportionoftheairfoilcanbe interpolatedbetweentheWandtl-
Meyerdistributionat ~ = 1 andthepotential-limitdistribution
at M. = ~,z foundintheprecedingsection.Theinterpolationis
madeat eachchordwiselocationx betweenthevaluesof K/(2-r)
givenbyequation(56)usingequation(62)andthevaluesof L
givenby thePrandtl-Meyerdistributionat ~ = 1, andthevalues
of K/(2-r)at MO,Z= 0.831 determinedintheprecedingsection.

Theresultingvalue:of r(x,K)and 5(K)determinedfromequa-
tion(57b)thenyieldintermediatevelocitydistributionsby.equa-
equation(56).

Theasymmetric-typevelocitydistributionsdeterminedas just
outlinedaresofarincompleteintwobasicrespects.First,the
subsonicportionfromtheleadingedgetothepointwherefree-
streamvelocityisfirstreachedlocallyislacking.Thislack,
as explainedintheprecedingsection,ismainlyduetotheinade-
quacyofthesimplecurvaturefunction(equation(33))inthis
region.Forthepurposeof calculatingpressuredraginthetran-
sonicrange,thisportionisnotneeded.(SeesectionPRESSUREDRAG;
USEOFMOMIH!TUMINTEGRAL.)Thesecondandmoreimportantomission,
theterminalshock,isdiscussednext.

Terminalshock.- Theterminalshockisobsenedtoformthe
downstreamboundagofthelocalsupersonicregionandtomove
towardthetrailingedgeas thefree-streamMachnuniberincreases
towardunity.Assumeforthepresentthatthisshockisnormal
ratherthanoblique.Thisassumptionappearsvalid,atleastunder
theexperimentalconditionsreportedinreference2, inwhichthe
measuredpressurerisesacrosstheshockandoutsidetheregionof
shock-boundary-layerinteraction.correspondedfairlycloselyto
thoseof ideal(thatis,Rankine-Eugoniot)nomal shocks.

Thevelocitiesacrossan idealnormalshockarerelatedby
Frandtl’sequation,derivablefromtheRankine-Eugoniotrelations,

—-—— .-.. —.— — — —-,—- _——— —.- - ~ — ..—— ———
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(63)

where a* isthespeedof soundat sonicspeedM = 1 inan
isentropicflow. Inthesmall-perturbationtransoniccase,equa-
tion\ becomes,fortheshockelementneartheairfoil
(appendixC),

rfil dn2 . ~ (64)

IntermsofthelocalMachnunbersMls = ‘“ “2==
upstreamanddownstreamoftheshock,respectively,equation(64)
becomesbyequations(27)and(28b)

11+F2=0 (65).

Equations(64)and(65)areunsatisfactoryfordeterminingterminal-
shocklocations;becausefirstifnoboundarylayerisassumedand
subsonicvaluesof A2 aredetemninedeitherby a subsonicruleas
inreference34,orequivalentlyby thesubsonicresultsofthepre-
cedingsection,thenthechordwiselocationsatwhichsuchsubsonic
valuesof A2 will“match”thesupersonicvaluesof Al previously
determinedto satisfyequatiori(64)or (63)arewithinabout20per-
centofthechordlengthofthetrailingedgeforthesymmetric
biconvexairfoil.Thisresultwoul,dprobablynotbe substantially
alteredby a moreexactcalculationofviscosity-freeflowpatterns
withsingleterminalshock,suchasby therelaxationmethodof,
reference18. Experimentshows,however,(references3 and.4)that
a well-developedshockexistsforwardoftheaforementionedlocation.
Ontheotherhand,ifa boundarylayerisassumedthat,intraversing
theshock,separatessocompletelyas tomakethepressuredownstream
oftheshockapproximatelyequaltofree-streampressure,thenrA2
(thevelocityoutsidetheboundarylayer)dropsoutofequation(64).
TheshocklocationsdeterminedlyrL1 =K, however,moveforw=d
insteadofrearwardes sonicfree-streamspeedisapproachedfrom
below.An intermediatesituation,inwhichA2 couldbe detetined
fromvelocitydistributionscalculatedto allowforthepresenceofa
boundarylayerthathasinteractedwiththeshock,mightyieldsat-
isfactoryterminal-shocklocationsby equation(64).Sucha calcula-
tionof A2 hasnotyetbeenattemptedbecauseof”thedifficulties

of calculatingtheshock-boundary-layerinteractionanditseffect
onthedowz&reamvelocitydistribution.

.

.
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Someunderstandingof.therearwardmovementoftheterminal
shockcanbe had,-however,froma modificationof equation(64).
Assumethattheactualpressureriseacrossthenormalshockdiffers
fromtheRankine-Hugoniot,or idealvalue,by anamountAP~. This
differencecanbe causedinsidetheregionof shock-boundary-layer
interactionbyfrictionprocesses,inwhichcasetheactualpressure
riseislessthantheidealvalue.A pressuredrop Ap8 canalso

occuroutsidetheboundarylayer,accordingto references2J18$
and19. Thisdropoccursovera shortdistancejustdownstreamof
the(ideal)normalshockandexistsbecauseofthenecessityfor
theflowtomakea quickreversalof curvaturefromthenegative
valuegivenitby theshocktothepositivevaluerequiredby the
airfoilcontour.Fartheroutalongtheshock,thispressuredrop
becomesa pressureriseforthesamereason(reference2). Inany
event,thistypeofpressure’changemustp~sically“joinon”con-
tinuouslywiththatinthebountiry-layerregion.Inviewofthe
precedingdiscussiona shockpressure-dropcoefficientcs, rep-
resentingtheover-alldepartureofa normal-shockelementfrom
Rankine-Hugoniotbehavior,canbedefinedin
transoniccaseas

= -2A2-P2

thesmall-perturbation

(P2-Po)act
z

12
~Povo

(66)

Iftheelementof shockfrontunderconsiderationisneartheair-
foil,as isthecasehere,then P2 inequation(66)isthepres-
surecoefficientattheairfoiljustdownstreamofthe-shockand
112 istheRankine-Hugoniotvelocitythatwouldexistjustdown- 0
streamoftheshockif cs werezero.Substitutionforf’L2frOm
equation(64)yields

(67)

Theadditionalassumptionisnowmadethatthepressureonthe
downstreamsideoftheshockequalsfree-streampress~e,or
P2 = O. (Ina conversationwiththeauthor,
havingusedthisconditionsomeyearsago.)
general,requiresseparationof cheboundary

vonH&m&n mentioned
Thiscondition,in
layeras ittraverses
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theshock.If c~ wereknownasa functionof Ml (andofa
suitableReynoldsnumberattheshockif CS representsa fric-
tionaleffect),shocklocationscouldbe deteminedfromequa-
tion(67)with P2 = O. Intheabsenceof suchknowledge,however,
an assumedrearwardshockmovementcanbe usedto‘calculatecS.
Thusassumethefollowingboundaryconditionsontheterminal-shock
location:(a)At thepotential-limitMachnumber~,z, theter-
minalshockoccursatthepotential-limitchordwiselocationX2
(XZ= 0.5 forthebiconvexairfoil);and(b)Atoafree-streamMach ‘
numberofunity,theterminalshockisatthetrailingedge,X=l.

Theseboundaryconditionsare,of course,approximate.The
terminalshockappearstobe formedby theever-presentrandompres- “
suredisturbancesthatarecontinuallypropagatingthroughtheflow
fieldatlocallysonicspeed.Someofthesedisturbances,traveling
upstream(reference1),encounterthelocallysupersonicregionand
tendtopileup;thatis,theterminalshockappearstoformasan
envelopeof characteristicsh the x,y,t space (t istime)rather,
thanasanenvelopeof characteristicsinthex,yplane(limiting
line).Itmaybe necess~, however,forthesymmetric-typelocally
supersonicregiontoreacha finitesizebeforetheunsteadydis-
turbancescancoalescetoforma steadyterndnalshock(reference4).
Theboundarycondition(a)idealizesthisprocessby assumingno
shockanda symmetricsolutionup tothepotential-limitMachnum-
ber,thencea suddenchange-overtoanasymmetricsolutionwith
steadyterminalshock.Presumably,thedisturbancesthatformthe
terminalshockhavea tendencytopileup asfarupstream.aspossible.
Theterminalshockcouldhardlyformupstreamofthepotential-limit
location,however,becauseofthe“choked”conditionatthislocation.“
(Seeprecedingsection.Inthisconnectioncomparetheexperimental
dataandthesemiempiricalanalysisofreference24.) As regards
boundarycondition(b),thereareno experimentaldataonterminal-0 shocklocationandstructureatMachnuniberunity.Inthesuper-
sonicspeedrange,thisshockbecomestheobliqueshock,whichdoes
startclosetothetrailingedge.Theschlierenphotographsof
Liepmann(reference3) suggestthattheterminalshockwillreach
thevicinityofthetrailingedgeat sonicspeedbutwillalsobe
curvedinthedirectionultimatelyrequiredinthecompletely
supersonicregime=

Boundarycondition(a)andequation(67),withP2 = O, now
yieldforthe T =0.1 biconvexairfoiljat ~ =~,1 =
and Al =AZ = 0.389 (valuesshowninfig.5),theshock
dropcoefficientCS= 0.26.At ~ . 1 and x = 1, %

0.831
pressure-
= 0.47

,,

In
$
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(fromthefollowingsectionandfig.7)givingcs= 0.94. The
assumptionofa linearvariationof Al with w betweenthepre-
cedingendvalues(theextremevaluesof Al donotdiffergreatly)
determines,fromthevelocitydistributionspreviouslycalculated,
thevariationofterminal-shocklocationxs withMachnumber~
(fig.8). ‘lypicalvelocitydistributionsasthuscompletedby -

, locationoftheterminalshockareshowninfigure7. (Thevelocity
incrementA isrelatedtothepressurecoefficientP by
P= -2J’LBy theassumptionP2 = O, A isthereforeindicatedas
zerobehindtheshock.This A refersto conditionsoutsidethe
boundarylayer.)

Othershockconditio~”havebeenadvanced.TsienandFejer
(reference37)regardtheshockasan obliqueshockproducingmax-~
imumoutwarddeflectionofthestreamlineoutsidetheboundary
layer.Theodorsen(reference42)regardstheshockastheoblique “
shockthatproduceslocallysonicspeedon itsdownstreamside.
Inthesmall-perturbationtransoniccase,theseshockconditions
leadtoequationssimilarinformtoequation(64):namely
(appendixC),

Maximumdeflection: ~A1/3-I-I’A2= 2/3i (68)

Crocco’spoint: (69)

sonic point: rA2 = l/2 ~ (70)

An additionalshockconditionhasbeenincludedinequation(69).
Thisconditionistheobliqueshockforwhichthestreamlinecur-
vatureonthedownstreamsideiszero(iftheobliqueshockhas
finitecurvature,reference43). It isdefinedbyCrocco’spoint
ontheshockpolar(appendixC).

Fromthesimilaritybetweentheprecedingequationsandequa-
tion(64),essentiallythesameobjectionsasregardsabilityto
predictshocklocationthathavebeenmadeto equation(64)canbe
madetotheprecedingequations.Inaddition,ashasbeenmentioned,
measurementsindicatetheterminalshocktobe normalunderthe
experimentalconditionsof reference2. Makingthesamemod-‘
ificationsjhowever,inequations(68)and(69)asweremadein
equation(64),thatis,introducinga shockpressure-dropcoefficient
Cs andassumingP2 = O, yields,withthesameshockboundarycon-
ditionsasbefore,practicallythesamevariationof shocklocation
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withMachnumber~ butdifferentrangesofvariationof c~.
TheseconditionsarelistedintableI. (Equation(70)doesnot
yielda solutionforshocklocationinasmchas,unliketheprevious
equations,itdoesnotrelateconditionsacrosstheshockbutspeci-
fiesonlythevelocityon itsdownstreamside.Equation(70)there-
foredependsinan essentialwayonthelmowledgeofthevelocity
distributiondomtream oftheshock.)

TABLEI

Terminal-shockcondition
~
M0,1 = 0.831 Mo=l

I?ormal 0.26 0.94
Maximumdeflection - .09 .31
Crocco’spoint - .18 .14
sonicDoint - .26 0

Thepressuremeasurementsofreference2 indicatevaluesof
cs ofabout0.1justoutsidetheboundarylayerandofabout0.3
atthesurfaceoftheairfoilat an effectivefree-streamMachnumber
probablymuchcloserto thepotential-limitMachnuuiberthanto ‘
unity.Thesurface-pressureandwakesurveymeasurementsofrefer-
ence44canbe interpretedas indicatingvaluesof CS up toabout
0.5intheboundary-layerregion.Theseestimatesof cs would
appeartofavorthenormal-shockcondition(tableI),particularly
inasmuchasthenegativevaluescalculatedintableI areprobably
unrealistic.Theactualshock-boundary-layerstructurenearthe
airfoilis,of course,conside~blymorecomplicatedthanthatof
a singlestraightshock,whethernomal oroblique.Theintroduction
ofa coefficientsuchas cs torepresentanover-alldeparture
fromidealsingle-shockbehavior;however,maypossiblybe useful .
practically.

Thereasonfortherearwardmmementoftheterminalshockwith
increaseofMachnumberisnotnecessarilyin~catedbythepre-
cedingcorrelationbetweenterminal-shocklocationandpressure-drop
coefficientcs. Itwouldseemmorelikelythata giventerminal-
shocklocationresultingfromother,morepowerful,dynamical
requirementsshouldcausea particul&valueof cs to exist,
ratherthanconversely.Theseotherdynamicalrequirementsmaybe
connectedwiththenecessityforthestreamlinedisplacementat

.
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infinityb(~) to increasewithMachnumberinthepresentspeed
range.An increasing5 couldbe producedby a moreextensive
andintensiveshock-boundary-layerwake,whichinturnwouldrequtie
a longerandstrongerterminalshock,suchaswouldoccurat the
higherlocalMachnunibersfarthertotherearoftheairfoil.

Itneedhardlybeemphasizedthatthecalculationsofthis
report,particularlythoseinthissection,areofa provisional
andexploratorycharacter.At thepresentstage,notmuchmorehas
beenrigorouslydemonstratedthanthatthemethodsusedhereincan
yieldresultsoftherightorderofmagnitude.

Finally,itisof interesttonotethattheconditionusedin
thissection,thatshockbackpressureshallequalfree-streampres-
sure,canbe regardedlasa specialcaseofa moregeneralcondition;
namely,thattheshockbackpressureshallbe as closeas it canget
tofree-streampressure.Thismoregeneralconditionisdiscussed
inappendixD. 0

UPPERTRANSONICFLOWWITHDETACHEDSHDCK

Analysis. - Theuppertransonicor detachedshockregimeextends
fromfree-streamMachnuniber1 to thatsupersonicMachnuriber~,a
atwhichtheshockaheadoftheairfoilbecomesattachedtothe
leadingedge,assumedsharp-edged.Inthetransonicsma~-
perturbationcase,~,a isgivenby (reference30andappendixC),

2-1*=& =1“8’0 (71)

where eL isthesemive~exangleattheleadingedge(fig.9).

Calculationwillnowbe madeofthemovementoftheheadshock
(fig.1)andofthesupersonicpartoftheairfoilvelocitydis-
tributionas a functionof ~. Theterminalshockisassumedto
startfromthetrailingedge(seeprecedingsection)sothatitneed
notbe consideredintheanalysis.As intheprecedingsection,the
supersonicpartofthevelocitydistributionontheairfoilis
assumedtobe a Prandtl-Meyerdistributiongivenby equation(54).
ThisassumptionincreasesinvaliditywiththeMachnumber.At a
Machnumberof1,theflowpatternderivedby Guderley(refer-
ence40)indicatestheapproximatevalidityof suchan assumption,
exceptina smallregionnearthebeginningofthesupersonic
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velocitydistributionthatisrelativelymoresubstantiallyinflu-
encedby compressionwavesfromthesonicboundary.Thepreceding
assum@ionisthereforeprobablya muchbetteroneinthepresent
speedrangethanintht oftheprecedingsection.

JW intheprecedingsection,by assuminga Prandtl-Meyerdis-
tributiontheproblemofcalculatingthesupersonicpartofvelocity
distributionsintheuppertransoticrangeisagain”reducedto deter-
miningonepointofthisdistributionat eachfree-streamMachnum-
ber ~ intherange,whichisnecessaryto evaluatetheconstant
ee inequation(54).Thiscalculationisperformedalongthesame
linesas intheprecedingsection.Thecontinuityconditionisfirst
setupfortheflowacrossa sectionAB inthey-direction(fig.9),
whereA isa pointontheshock,tobe specifiedpresently,ata
distanceyw fromthex-axisandB isthelaterallyoppositepoint
on theairfoilatthesamechordwiselocation~. Thus

e

J’Yw

“Y= (pv-l)dy (72)
Y

Theirrotationalitycondition(equation(5))appliesalsointhe
presentspeedrange,“inasmuchasfluidrotationintroducedbyvar-
iableentropyincreaseacrossa curvedshockinthesmall-perturbation
transoniccase,beingoftheorderofthethirdpoweroftheI&chnum-
berincrementacrosstheshock,isnegligible.Substitutingequa-
tion(5)intoequation(72)andmakingthesmall-perturbation,sub-
stitutionof equation(10)forthedensityyields

(73)

whereVw isthsvelocityincrementonthedownstreamsideofthe
shockat A and L isthevelocityincrementat B.

A streamline-curvaturefunctionisnowassumedas

(74)

.
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where s isa parameterto
K. Equation(74)satisfies
andinadditionstatesthat

41

be determinedas a functionof ~ and
theboundaryconditionattheairfoil
thecurvatureiszeroatpointA. It is

desirablethatthestreamlinecurvatureshouldbezeroatpointA
becauseif itwerenot,thenthedeterminationofthecurvatureat
pointA wouldgxeatlycomplicatetheproblem.Nowa pointA exists
ona curvedshockatwhichthestreamlinecurvaturejustdownstream
oftheshockiszero. It iscalledCrdcco’spoint(references38,40,
41y45,and46)andisdefinedbythecondition
(bvbe)aloWstreamline= ~ (appendixC). Insteadof choosing

pointA asCrocco’spoint,however,itwillbe chosenas thesonic
point,thatis,asthatpointatwhichthelocalMachnumberjust
“downstreamoftheshockisunity.Thereasonforthischoiceis
thefollowing:Becauseoftheadditionaldegreeoffreedompre-
sentedby thepositionof theshockrelativeto theairfoil,thatis,
determinationofthedistanceYv, onemoreconditioninaddition.
to thosealreadygivenisnecessary’tomaketheproblemdeterminate.
IfpointA isthesonicpoint,a verysimplesuchconditionis
obtained,becauseatthe.sonicpoint, (beh) O (appen-alongAB =
dixc). Hence,tothefirstorderinthechangeofvelocitybetweenA
andB (thatis,inthesmall-pert~bationcase)thestreamdirec-
tion 8W atA willequaltheairfoilinclinationea atB. The
violationofequation(74),becausethecurvaturewillnotbe zero
atA, isprobablynotseriousinasmuchas itisknownthatthesonic
pointandthepointofmaximumstreamlinedeflectionarequiteclose
to eachotherontheshockpolarandCrocco’spointisbetweenthese
twopoints(appendixC): Hencethestreamlinecurvatureshouldbe
closetozeroat thesonicpointA inthephysicalplane.It iS
notedthatchoiceofa pointwitha particularpropertyonthehead
shockto deteiminethepathof integrationinequation(72)makes
thechordwiselocatiod~ a functionoftheMachnumberparameterK
intheanalysis.Hencetheparameters inequation(74)becomesa
functiononlyof K.

Substitutionofequation(74)intoequation(73)andintegration
yields

[

(m#’vw2)~(%)eas ew = -
(l-s) 1( Vw)+‘;:%)@Lvw)2+‘*J (LVW)3

(75)
#

.
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inwhichthe
subscripton

aforementioned
theleftside.
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conditionea= ew is indicatedinthe

Thedistanceyw oftheshockpointA fromtheairfoilpointB
isobtainedbyintegrationoftheirrotationalitycondition(equa-
tion(5))withthecurvaturefunction(equation(74))as

(76)

Inorderto satisfytheconditionof zerocurvatureat v =Vw by

equation(74)andforconvergenceoftheintegralsleadingto equa-
tions(75)and(76),it isnecessaryto
fortheparameters to

0<s<1

Thedistanced ofthenormalelement

restricttherangeofvalues

(77)

E oftheshockfromthe
lead3ngedge O oftheairfoilcanbe expressedasfollows:The
angleof inclinationo ofthetangentAC totheshockatthesonic
pointA isgivenby(appendixC)

4/Cosa = ~/2

Thisinclinationis somewhatsteeperthan
which COSu =TF> as istobe expected.
givenby

(78)

thatfora Machwave,for
Thedistancefi isthus

—
CD=ywcotazywcosu (79)

Introducinga factorA toallowforthereduction~ dueto cur-
vatureof’theshockbetweenA andE
equation(76),

Theprecedingequationswillnowbe
foil. Forthiscontour,conditions
analyzedherearegivenby equation

thereforegives,using

rA ;/2 @-Vw)
(80)

Ca(l-s)

appliedtothethinbiconvexair-
at thechordwiselocation~
(59)as

.

.

.
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(81)

It is convenienttoproceedwiththeequationsexpressedexplicitly
intransonic-simihrityform.At thesonicpointbehinda shock
(appendixC),

(83a)

(83b)

substitutingequation(81)into(80),equation(82)into(75),noting
thatthesecondtermontherightsideinequ”ation(75)vanishes
because-ofequation(83a),andexpressingequations(75),(81),and
(80)insimilarityformwiththeaidof equations(83a)and(83b)
andthedefinitions

K1~ ~/2(Tr)2/3= -K/2 (84) “

L

.melds,respectively,

(YCa)eas ew
72 =2-

%=

“(85)

K13 K12 (~+Kl)3
—== (%+K1)- 3.~2 (86)

(
ll-A

)
‘3/2

z 2% (87)

*
(88)

.
Theparameters inequation(86)isnextdeterminedasa function
of K1. Tobeginwith,as K1-)O, s must-l, andinsucha way
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that K12/(1-s)-+constant,
(byequation(86)),whichis

!

forifnot,thenat
incorrectinviewof

curvatureofthe”fiow. Itwillbe assumedthat
with K1 isgiven,notonlynear K1 = O, but
uppertransonicrange 0CKl<3/2 by

Thevalueofthisconstantcanbe
tion(86)issimilarinstructure
equation(56).Itwasassumed-in

constant)

determinedes

NACATN 2130

Kl=o, ~co
thedirectionof .

thevariationof s
throughouttheentire

(89)

follows:Equa-
totheco~spondingsubsonic
theprecedingsectionthatequa-

tion(56)shouldcomplywiththepotential-titcondition

() 1%x=TT=0 (90)

==
.

atx= % = 0.5 throughoutthelowertransonicrange.Thesub-
scriptx inequation(90)indicatesthat x isheldconstantin
thedifferentiation.Now,ifa uniquecontinuoussolutionexistsat
~ =1, thenequation(86)shouldbecomeequivalentto equation(56)
at ~ = 1 and henceshouldobeythepotential-limitcondition
analogousto equation(90)at ~ ~ 1 or K1 = O and x . 0.5. An
analogousconditiontoequation(90}ratherthanthesamecondition,
isnecessarybecause
notbe heldconstant

here x =% isa functionofK1 andso.can-
indifferentiatingL. However,inasmuchas

(91)

.L,

andthesecondtermontherightsideisfiniteand,infact,zeroat
Kl = O by equation(87),itisseenthattheanalogouspotential-
limitconditiontobe appliedtoequation(86)is ‘.

I

(92)

.,

/

.

.

.

.
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Thechordwiselocationatwhichequation(92)”isappliedis,at “
Kl = O, by equation(87),~ = 0.5, whichjoinson conttiuously
withthebranch-pointlocationforthebiconvexairfoilinthelower
transonicspeedrange.Onanairfoilforwhichthe ea. 0 chord-
wiselocationdiffersfromthebranch-pointchordwiselocationXz
previouslyderived,interpolationbetweenthesetwolocationsasa
functionof K wouldbenecessaryinorderto obtainthebranch-
pointlocationsinthelowertransonicasymmetric-flowrange.Apply-
ingtheconditionofequation(92)toequation(86)resultsin,by
equation(89),

Insertingthisvalueintoequation(86)yields

r( ): 1“ae sO
1/3

.I-

L%7,2= #uj =2’’$=1.260
and,by equation(93),.

B =$ = 2.380

(93)

(94)

(95)
,.

!!theremainingconstantA, occurringinequation(88),is
evaluatedby theboundaryconditionthattheshockdistanced~O
as K1+K1,a, whereKl,a .correspondsto theMachnuniberfor
attachmentoftheshockandisgivenbyequations(71),(59),and
(~) as Kl,a =3/2. Withthesevaluesfor d and K1 andby
equations(89)and(95),equation(88)yields

(&6’/2)A= O.126 “ (96)

Ontheotherhand,equations(89),(95),and(86)yielda cubicfor
L@-3/2at K13/2, withthesolution

&+: = 0.1318 (97)

Hence

A= 0.955 (98)

.-
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TheconstantA isoftheexpectedorderofmagnitude,namely,some-
whatlessthanunity,althoughperhapstooclosetounityto indicate
a highdegreeofquantitativeaccuracy.

Theotherboundaryconditionon shockdistance,d~e as
K1~O, isalreadysatisfied’byequation(88),whichgivesa
limitingvariation,usingequation(89)andtheprecedingnumerical
values,

Thevariationof s with Kl, givenby equation(89),andthe
variousnumericalconstantsjustderivedenablesuchquantitiesas
thelongitudinalshockdistanced, thelateralshocktist~ce
yw, thechordwiselocation%, andthevelocity~ at chordwise
location~ ontheairfoil.tobe derivedasfunctio~of K1 from—
equations(76)and(86)to (88).mom ~(Kl)~ R(K1), whichcon-
stitutethedeterminationofa lnmwnpointofthevelocitydistribution
at each Kl, thesupersonicpartofthevelocitydistributiononthe
symmetricbicorrvexairfoilisobtainedby thePrandtl-Me~r
formula(54).

Thevariousshockdistancescalculatedas indicatedareshownin
figure10. Somevelocitydistributionsareshowninfigure7. The
numericalvaluesinfigures7 and10areplottedfora biconvexair-
foilof = 0.1. Thesevalues,however,wereactuallyderivedfrom
thesimilarityparameterscalculatedlytheequationsofthissection,
whichyieldonlylimitingvaluesfor T = O, M. = 1. As an indi-
cationoftheerrorinvolvedinapplyingtheresultsoffigures7 and
10tobiconvexairfoilsoffinitethicbessratio,figure10 indicates
theMachnumberforshockattachmenttoa T . 0.1 biconvexairfoil
as1.31;whereastheexactoblique-shockrelationsshowittobe 1.48.
Practicalapplicationoftheresultsofthissectionthereforerequires
furtherinvestigationinthedirectionofthecounterpartofthe
presentcalculationfor T and ~ finitelydifferentfromzero.
(Calculationsby integralmethodsof detached-shockconfigurations
relativetothickbodieshavereaentlybeenmadebyW.E.Moeckel.
reference47.)

Somecomparisonswithexperiment.- Figure7 has

plottedinfigure11to showthevelocityincrements

.

beencross-
A atthe

,

12
ml
l-l

.

“

.
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X=O.5 andx= 0.8 chordwiselooationsthroughtheentiretran-
sonicspeedrange.Fromthesevelocityincrements,locallhchnum-
bers M havebeencalculatedlyequation’, assumingrM = r. 1.2
forover-allconsistencywiththedeterminationof A. TheseMach
numbersareshownasthesolidlinesinfigure12. Therelativecon-
stancyof,M at x = 0.5 in’thetransonicrangemaybe especially
noted. (Inthelowsubsonicandhighsupersonicranges,M should
approximatelyequal~.) Thisphenomenonisofparticularinterest
inviewoftheratherindependentderivationsofthe~ local
Machnumberatthepotential-limitMachnuuiber~,z andat sonic
speed~ = 1. Thepotential-Hmitderivationdependedonthe
incompressiblevelocitydistributionfortheparameterr; whereas
thesonic-speedderivationdependedona propertyat thesonicpoint
oftheshockpolar (a@@y = O. Therelativelyconstantvalueof
Matx = 0.5 throughoutthetransonicspeedrangeisplausible
fromtheexpectedtendencyoftheflowtomaintaina maximumaverage
valueof pv* 1 alongtheline x = Xz, whenbothsubsonicand
supersonicvelocitiesoccuralongthisline.

Thediscontinuitiesinthetheoreticalcurvesfor x = 0.8 at
~= 0.83 andat ~ = 0.94 correspondto theassumedsudden
appearanceoftheterminalshockat thepotential-limitMachnuniber
(andtheconditionP2 = O) andto theshockpassingthroughthe
x = 0.8 location,respectively,(fig.8).

Pressuredistributionsinthelowertransonicrangeon 6-and
12-percentthicksymmetricbiconvexairfoilsof3-inchchordspanning
a two-dimensionaltunnel20 incheshighand2 incheswidewere,meas-
uredinreferences3 and4. TheReynoldsnumberbasedonairfoil
chordwasoftheorderofonemillion.Theresultswerenotcor-
rectedfortunnel-walleffect.Terminal-shocklocationsplottedin
figure8 wereestimatedhereinfromthegivenpressuredistributions
andschlierenphotographs.ThelocalMachnunibersgiveninrefer-
ence4 werepresumablyobtainedby applyingthefinite-perturbation
formulas(equations(6)and(26))tothepressuredifferencesactually
measured.Accordingly,theseformulaswereusedinobtainingvelocity
incrementsandlocall@chnumbersfromtheexperimentalresultsgiven.
AllvelocityincrementsA, localMachtiers M, andfree-stream
Machnumbers~ werereducedfrom T= 0.06,0.12to T= 0.10 by
thetransonicsimilarityrulesof equations(24),(25),and(31).
Theexperimentalresultsas thusreducedareshowninfigures8,11,
and12.

t
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Severalpointsuncorrectedby thetransonicsimilarityrules
areincludedinfigures11and12. It isseenthattheserulesdo
substantiallycorrelatethedifferentthictiess-ratioresults.The
residualdiscrepancyiritheresultsfor x = 0.5 aftercorrelation
maybe duetothefinitedifferencebetween~ and 1,to the
finite-perturbationvelocitiesinvolved,to differentialtumel-wall
effects,orto differentialReynoldsnumbereffects.Alsoincluded
infigures11and12areseveralpointssimilarlyreducedfromthe
testsdescribedinreference48. Thesetestsweremadeona 6-percent
thick,4-inchchordsymmetricbiconvexairfoilina two-dimensional
tunnel18 incheshighand4 incheswide. Reynoldsnumberwasofthe
orderof onemillion.Thediscrepancybetweenthehighestspeed
pointsofreference48andthelowestspeedpointsofreferences3
and4 ispossiblydueto largertunnel-walleffectsandthesomewhat
higherReynoldsnumberinthetestsofreference48.

Agreementofthepresenttheorywiththeexpertientalresults
isconsideredtobe goodat leastqualitatively.Thetheoretical
calculationsare,aspreviouslynoted,limitingcalculationsfor
T= Oand~=l. As an indicationof thenecessityofallowing
forfinitedeparturesfromatleastthetranmniclimit~ = 1 in
ordertoattaincloseragreementwithexperiment,severalalternative
theoreticallocalMachnumbercurvesareincludedinfigure12. In
one,thefunctionrM(Mo)of equation(28a)wasusedinequation(27)
to obtainlocalMachnumbersfromthetheoreticalvelocityincrements
offigure11. Intheother,theexactequation(26)wasused. It
isseenthatthedifferencesbetweenthesealternativecurvesisof
thesameorderasthedifferencebetweentheoryandexperiment.The
experimentallocalMachnumbersappear,nevertheless,tobe definitely
lowerandh3gherthanthetheoreticalvaluesat x = 0.5 and x = 0.8,
respectively.Itremainstobe seenwhetherexperimentsathigher
Reynoldsnumberwouldnotbettertheageementwiththe(essentially
infiniteReynoldsnunber)theory.Thechangeswithincreaseof
Reynoldsnumbermaybe expectedtobe inthedirectionforbetter
a~eement.

PRESSUREDR4G;USEOFMOMERTUMINTEGRAL

Theflowpatternsobtainedintheprecedingsections,together
withthemomentumequationinintegralform,meld anestimateof
thepressuredragofthesymmetricbiconvexairfoilinthetransonic
speedrange.Thepressuredragofanairfoilisdefinedas that
portionofthetotaldragthatcanbeobtainedbyan integration
aroundtheairfoilofthecomponentinthefree-stream(x-) direc-
tionofthenormalforceorpressureontheairfoil.Theremaining

,
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portionofthetotalairfoildrag,theskinfriction,duetothe
,

tangentialforcesontheairfoilsurfaceproducedbyviscousaction
intheboundarylayer,willnotbe consideredhere. Theskinfric-
tion,forexample,ona 10-percentthickairfoil,isknowntobe
smallrelativetothepressuredraginthetransonicrange.

Intherangeof continuouspotentialflow,thatis;fromMach
nuniberzerotothepotential-limitMachnumberMo,z~ thepres-
suredragiszero,corresponding.tothefactthatthecompletely
subsonicpotential-flowfieldboundingtheairfoilprovidesno
mechanismfortransportingx-directionmomentumawayfromtheair-
foil. Intherangeoftransonicflowwithshock,however.,theshock
structureprovidessucha mechanism,bothinthedirectshockwake
ofdecreasedtotalheadandintheadditionalwakeduetoboundary-
layerthickeningintraversingtheterminalshock.Inthisrange,
a nonvanishingpressuredragisthereforeobtainedthatcouldbe
directlycalculatedlyintegrationovertheairfoilofthex-componerit
ofthepressure.Thisdirectinte~ationcanbe carriedouthereover
therearward partofthesymmetricbiconvexairfoilforwhichvelocity
distributionshavebeenpreviously’derived.Thecontributionofthe

1 remainingforwardpartoftheairfoiltothepressuredragcanbe
obtainedfromknowledgeoftheconditionsintheflowfieldby useof’
themomentumintegral.

Integrationofthex-componentofthepressurebetweentwochord-
wiselocations~ and xb yieldsforthepressure-dra~,coefficient
cd,rroft~s partofaiI’fOil(Upp13rand”lOwersurface)

D ‘;Jl!!t=eati=:’Fati ‘100)

Cd,rz ~

.
inthesmall-perturbationcase.Forthesymmetricbiconvexairfoil
e,quation(100)becomes,by equation(59a),

(101)

Substitutingthetransonicsmall-perturbationlimitingform(54)of
thePrandtl-Meyervelocitydistributionintoequation(101)@elds

—- -..— .—_—____ .._ _ . .=. .. .._— — —————.- ——
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(102)
Inthelowertransonicrange,equation(102)wasusedto calculatethepreasur?dragof
thebiconnxairfoilT = 0.1 fromthemidpoint~a= O tithe~ermhml-shocklocation

~b = $. ThPrBSw. clra$from ~= L1 tm the trailingedge ~.1 is zero,by the
asmmptiqnmade In the sectionLOWERTRAWSONICAsmmrRIc mow wrrHTERMmm SHOCK that
free-streamstaticpressureexistsonthe airfoildownstreamof the terminalshock. In
the u~er transonicrange,equation(102) was used to caloulatethe pressuredragof
the blconvexairfoilfrom the chordwiselooationequalto that of the sod. pointof the
detachedshock ~a = ~w to the trailingedge ~b = 1.

The pressure-dragcontributionof the remainingforwardpartsof the biconvexairfoil
in theserangeswas determinedlythe momentumintegral.Thus,the net decreaseof flux
of x-momentumout of the regionABDE, (fig.2)(momentumflux is here definedas 6t@io
pressureplus flux of kineticmomentum)givesthe pressuredragon the portionof the
airfoilfromthe leadingedge O to pointA. As shownin datailin appendixB, the
resultingexpressionsfor the pressurecbagon the biconvexprofileare as follow:

(a)Lowertranaoticrange;leadingedge, ~= -1, to midpoint ~ .0

(b)Uppertransomiarange;leadinged&,’

~5/3

[

z (~+Kl)3
cd,f= ~~ ‘%+ ‘1) ~ (4-s)

(103)

a
o

“!3.
(104)

E

. . d
. .
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Theresultingpressuredragonthesymmetricbiconvexairfoil

cd = cd,f + cd,r (105)

andis shownin’figure13as a functionoffree-streamMachn.uniber.
Thefinitevalueof cd= 0.015 atthepotential-limitltachnum-
ber ~ = d.83 resultsfromplacingtheterminalshockatthe
potential-limitchordwiselocationatthisMachnumber (seepre-
cedingsection).As theterminalshockmovestowardthetrailing
edge,thedragrapidlyrisestoa maximumvalueof cd= 0.098
at sonicspeed~ = 1. Thereareseveralpointsof int&estabout
thisvalue.I’irst,itisofthesameorderofmagnitudeasthat
derivedbyGuderley(reference40)by an entirelydifferent(hodo-
graph)methodfora somewhatdifferentlyshaped10-percent-thick
airfoil.Second,thevalueof cd,f= 0.017 giVenat M. = 1 by
thelowertransonicformula(equation(103))wasslightlydifferent
fromthevalue0.011obtainedat ~ = 1 fromtheuppertransonic
formula(104).Thisslight&tffer&nceisdueto r approachinga
differentvalue,2,from s(+l) as %+1. Inasmuchasthis
~fferenceh cd,f isnot~eat,andinviewoftheconsiderable
differencesinprocedureonthetwosidesof sonicspeed,thesmall
~fferencein cd,f istobe regardednotas a defectbutrather
as indicatingtheconsistencyofthepresentapproach.Theoccur-
renceofa dragmaximumat ~ = 1 ratherthansomewhereinthe
vicinityisprobablydueto theapproximationsinvolvedinthe
presentcalculation,especiallythatwhichassumesthattheterminal
shockstartsat thetrailingedge.

As thefree-streamMachnuniberincreasesfromsonicspeed,the
dragcoefficientdecreasesbecauseofthedecreasingover-allpres-
surelevel.As theshockattachesandthefieldofflowbecomes
completelysupersonic,thedragfinallyapproachestheAckeretrate

ofvariationwithMachnumber,l/rJ~. Severaldragcoefficients
havebeencalculatedinthecompletelysupersonicrangeby usingthe
exactFrandtl-Meyerpressuredistributionwithinitialconditionsat
theleadingedgegivenby theexactoblique-shockrelationsofrefer-
ence49. Thedifferencebetweenthefirstsuchpoint,Cd= 0.051
at ~ = 1.50,atwhichsonic’speedoccursbehindtheattachedshock
attheleadingedge,andthepoint cd= 0.065 at ~ = 1.31 by the
presentmethod,indicatesagaintheapproximationintroducedintothe
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presentresultsprimarilyby thetransonicapproximationE << 1
(thatis,settingallthe r valuesequalto1.23and,probably
toa lesserextent,by thesmall-perturbationapproximation
A<< 1.

CONCLUDINGREMAiKs
.

Thesmall-perturbationformofan integralmethodhasbeenused,
withtheaidof simplifyingassumptionsindicatkdby experimentor
othertheory,to calculateapproximateflowpatternsfora symmetric
biconvexairfoilthroughthetransonicspeedrange.Thewhollysub-
sonicsymmetricflowfielddevelopssymmetriccontinuouslocally
supersonicregionswhenthesubsonicfree-streamMachnumberexceeds
a definite(lowercritical)value.Abovean equallydefinite(poten-
tiallimit)free-streamMachnumber,no continuoussymmetricsolu-
tionexistsby thepresentmethod.Abovethepotential-limitMach
number,themethodyieldsbotha physicallyunrealsymmetricsolution
containingforbiddenregionsboundedby limitinglinesanda physi-
callyrealasymmetricsolutioncontaininganasymmetriclocallysuper-
sonicregion.Terminationofthislocallysupersonicregiononthe
downstreamsideby a shockrequiredadditionalhypothesesconcerning

.

theshock.Thesehypotheseswerequiteunrelatedtothelimiting-
linephenomenon.Itwasfoundpossibleto jointheasymmetricsolu-

.

tioncontinuouslytotheasymmetricsolutionthatexistsforslightly
supersonicfree-streamMachnumibers.The’mainresultsofthemethod, .
suchasthevariationofpressuredragwithMachntier,relative
constancyoflocalWch numberaheadoftheterminalshockinthe
transonicrange,andsoforth,agreequalitativelywithexperimental
data,Moreetiensiveexperimentaldataareneededintheformof
pressuredistributions,wakesurveys,andterminal-shocksurveyson
airfoilsof simplestipeunderisolatedairfoilconditionsathigh
Reynoldsnunibers.Thepresentmethodisprobablysimpleandflex-
ibleenoughto enablesuitablealterationsandextensionstobe made,
whetherformorerigoroussolutionsofthecasestreated,orto
moregeneralsituations,suchas airfoilswithlift,bodiesof
revolution,andsoforth.

NationalAdvisoryCommitteeforAeronautics,“
LewisFlightPropulsionLaboratory,

Cleveland,Ohio,December19,1949.

,

.
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APPEMDIXA

SMALL-PERTURBATIONAPPROXIMATIONOF
cormmm!cYImmGRAL

Theexactformoftheequationof continuity,equation(1),
oanbewrittenasfollows(seefig.14):

J’Vo yo+ti
Llyo= flvCOS@dy (Al)

o Y

where 5 isa pwsiblelateraldisplacementofa streamlinefar
fromtheairfoil.Subtractingye-Y frombothsidesd’ equa-
tion(Al.),as intheseotionCO~lBZE 20TENTIMFLOW,’andpro-
ceedingtothelimityo~ = yields

An expressionfor dy in
stsrtingfrantheclifferential

(pvCose-l)ay (M)

termsof v and 6 isnextderived
equationsofmotioninintrinsic

form. Theseequationsare(reference35)

where

c ()$=-
as s

andthesubsoripts denotesvaluestakenalonga streamline.

(A3) .

(A4)

(As)

,. ..- .. —.. —— .——z —— ._ ____ ———.—— ......
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Considerthevariationofvelocityv andstre@mdirectione
alonga linemakingan anglea. tiththefree-tre~d~ection
(fig.14). ~ z denotesdistancemeesnredalongthisline,then,isiiigequations(A3)to (A5),

==(9s(3s=+=

> c Cos (cLo-e)- C’vsin (aO-e)=- ()a6s

[u=-cvSin (aO-e)$ *
1

cot(aO-e)+1
s

ae ae a8 ae
()z= S*%+s

s -c cos (~-e)
.

~ -Csin (~-e)

Equations(A6)and(A?)yield,

an”
x’

2-1)a-v.- ~ (M

()— ZB
sti(~o-e)

cOt(~-e)~~~~~)]
[ -v s

respectively,forvariations

dvdz sin(do-e)= -

[ () 1
c v + * ~Ot(mO-e)

. ae ~

IftheangleCLo isnowtakenas fl/2, thelineelement
dz becomesdy, andequations(A8)and(A9)become

(M)

(A?)

along z,

(m)

(A9)

●

LoIn
mll-l

—— — ——..- . —-. —— —— --
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Substitutingequation(AIO),thedefinitionv = l+v, thesma,ll-
perturbationexpressionsoose = 1 - e2/2,t~8=e, tithe
expansionequation(10)of p inpcnmrsof V intoequa-
tion(A2)yields

inwhich

r
M02 2-7

=1+—-—c 2
M04

2

(A12)

(A13)

(A14) *

The nexthigherorderte
be oforderV3, ve2,

~&~the brmketofequation(AU) would “
. Theorderofmagnitudeof 6Ues

is v.
k

IfequationA12) isconsistentwiththetransonicsimilari~
rules,then 132-pv . Thetwotermsinvolvinge in equa-
tion(A12) thereforecanatmostonlyaffectthefunctionrc(~)
butnotitslimitingvalue $(l) =r = (Y+l)/20Thusthe--
perturbationequation(4)ofthecontinuityintegralis correctto
‘theorderv inthesubsonicrange w “ 1 @ to theorderV2
tith rc.r inthetransonicrange p <<1. Thesmall-perturba~ion
formoftheirrotationalitycondition(equation(5))isseenfrom
equation(AIO)tobe correcttothefirstorderin v-e.

In theimportantspecialcasewheretheairfoilhasfore-and-
aftsymmetry,equations(4)end(5)holdexactlyatthemidchord
looation,forhere,by symmetry,e s O inequations(Al-)and(AlO).

—.——. -——-. — .Z— — . — —— —.—— .——



,.

.

1
●

56 NAM TN z130

Intheneighborhoodofsuoha locationand,moregenerally,inthe
neighborhoodofany 13. 0 locationonan airfoil,itmayiherefore
be expectedthattheessentialsmall-perturbationapproximations
arethosbinvolvingthevelocityincrementu, as inequation(10)
rather’thanthoseinvolvingtheflowdhection.8. Thisexpectation
isthejustificationfortheuseof rc ratherthan 17 inthe
continuous-potential-flowcalculationsofthispaper.

,

?
,

.

.

.

.
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A2PEEDIZB

SWILL-PERTURBATIONAPPROXIMATIONOF

MOMENTUMINTEGR& -

Themomentumprincipleinintegralformstatesthattheveotor
rateatflowofmomentumoutofa fixed.volumeofspaceequalqthe
vector-integratedpressureontheboundingsurfaceofthevolume.
Applyingthisprincipleto thetwodimensionalregionABDE(fig.14)
gives,forcomponentsinthex-direction,

I

Y.

(PO+POV02)W+.
~~~~= ~W(p+p~Cm2,)@+~Paay

ED G AB XOA

(Bl)

inwhichthepathsof integrationareindicatedundertherespective
integralsigns.Rearrangingthetermsof equation(Bl)aswith
thecontinuityeqmtion(Al),proceedingtothelimityo~ m,
denotingby p, p, and v fractions

F
therespective‘free--

Streamquantities,andnotingthat povo/p.= 7M02 resultsin

Subtractionofthecontinuityequation(JV?) thenyieldsfor
thepressure-dragcoefficientUdf ontheairfoilfromthelealing
edgetothepointA (inclfiinga ~aotor2 forbothsurfacesofthe
symmetricairfoil),

.
Y

f

m

(pa-l)dy= +cd,f=&o
1[ % 1

-1 + pv00se(v00se-1)*
7%

(B3)

-. _—— . . . . . —.— .————. - ——
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Substitutingthedefinitionv= l+v, theexpansion
oose=l - 62/2+ ● . ., theexpansionsfor p and P aspower
seriesin v obtainedframequation(6),andtheirrotationality
expression(AIO)intoequation(B3)yields

where

(3 1SM02 2-7
rm=~

)—-7%42
(B5)

and Ves is defindinequation(A14). Equation(B4)showswhy
themomentumintegralequation(B2)(orratherthederivativeof
equation(B2)withrespeotto Y) isinconvenienttousealong
withequation(4)inSOIV

7
thevelocity-distributionprobla.

Th6flow~tieotiontezm (322 inequation(B4)isofthesane
order& magnitudeasthevelooitytenu -(w/2)v2and.so cannot
be negleotedinthesmall-Perturbationuase,asweatheseinetemn
inthecontinuityintegrale uation(AI.2). me otier e te~ in

%eg.ution(B4)is& orderWV @, as inthecontinuityintegral,
atworstmere3ymodifiesthefnnationrm(M ) butnotitslimit-
ingvalueatsoniospeedrm(l). r = (1+7)?2.~US, b tfi paper;
ofthethreefirstintegralsofthedifferentialequationsof
motion- thatis,conservationofenergy,mass,ailmomentum- the
firsttwo(thefirstasBernoulli’sequation)wereusedincalcu-
latingthebasicflowpattern,andthex-componentofthethird
integral,onthebasisofthecalculatedflowpattezm,wasused
todetemninea portionofthepressuredrag. Theliftandthe
momentoftheforcesaotingondifferentportionsoftheairfoil
couldsimilarlybe calculat~fromconditionsintheflowfield
by they-componentmomentumintegralandtheangularmomentum
integral,respeotivelye

Forthecalculationofthepressuredragontheforward
portionof thebioonmxairfoilinthelowertransoniorange,the
forwardportionefiendedtomidcho~. Hencethetwotermsinvolving
e inequation(B4)wereconsideredasvanishingto a sufficient
approxhation.Theresultingintegrationofequation(B4)using
thecurvaturefunction(equstion(33))thenyieldsequation(103).
Intheupper-transonicrange,theforwardportionoftheaizfoil

.

.

●

✎

——— —.—
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esrbemiedtothe I?3= 13wlocationad O washeldconstantat
thisvalueintheintegrationof equation(W). Theterminvolving
ves inequation(B4)vanishesinthelimitingcase ~ = 1 or
I’m=I’, forwhichthecalculationsinthisrangeweremade. iMe-
grationof equation(B4),usingthecurvaturefunctionandother
relationspertainingtotheuppertransonicrange(seesection
UPPERTRANSONICFLOWWITHDETACHEDSHOCK)leadsto equation(104).

—__. . . .. . . .—. _. .————. .—.——— . .. — .— -.— _ —.—— ~.. —
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APPENDIXc

TRANSONICSMAIL-PERTUKEMTIOIVJVZR30XIMATION.

OBIZQUE-SHOCKRELATIONS

OF

An elementofoblique-shockfront,inclinedatanangle o
to a free-streemflowatMachnwnberM. (fig.9)prodnoesa flow
deflectione given‘by(reference49)

()[7-1 4

~ (y-l)Mo2 1+1.-(30s2(s= sin2(Jtan(u-e) (01)

Thecorrespondingvelocityratiov justdownstreamoftheelement
is

‘=* (C2).

Eliminationof o betweenequations(Cl)and(C2) @elds the ~
equationoftheshockpolar.A relationbetweentheslope
(b@8)sh ofthetengenttotheshockpolar,thatis,therate
of uhange& velocityratiowithrespecttostreamdirectionalong
thedownstreamsideoftheshockandthesfmilarrateof chenge
alonga streamline(b~e)s atthesamedownstreampointofthe
shock,isobtainedby dividingequation(B8)by equation(A9)and
rep~oingcc.by o ; thUS~

av03 ()v+ *8 ,Ot(0.,)

~h=
Oot(.-e)+= ~

-v () s

(C3)

A similarrelationfortherateof changeofvelooitywithstream
direotioninthey~eution ata pointonthedownstreaafsideof
theshockelementisgivenby settingo = x/2 in (C3),

(%)y=* -
,V 3F8

*

(C4)

.

.

—. —. —.
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Forsmall.pwturbati~ v-1 = u <C 1,equations(Cl)and
(C2)become

+ COS2o (C5)

Alsqmakingthetransonioapgmoximati~coso - ml = F<< 1
andusingequation(27)with 17M=r yields,inpl%e of equations
(C5),(C4),W (C3),

rb~ooso-coss~ (C6).

rv = -re/oos ~s -ii+ cos% (C7)

Equation(C7) canbe differentiatedtoyield

Equations(C8),(C9),@ (C1O)oaibineto

(C9)
.

(Cll)

give

Cosu(7COS2o.31).

~eu (2COS2(3;)(5COS20:)
%y=- Coso (7COS2o-3~

(C8)

(Clo)

(C12)

(c13)

-——— ..— .— –——= —---- -.—— ____ .. .. . .——. .—— —.— -.— .
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TheratioofthelocalcurvatureC~h= - (@!&)~h of a shock
fronttothecurvatureofthestreeml.i.nejustdownetreemofthe
shockelementis obtainedby dividingequation(A8)by (d~)sh,
settingU. = o,andgoingtothetremsonicsmall-yertnrbation
ltit. mm,

Csh r(<+ COS20)
T= Coso (3~-7COS20)

(C14)

Theconditionsatvariouspointsontheshockpolarinthesmall-
perturbationtransonicrangecannowbe determinedby thepreceding
eqnations.Croccotspoint,forexample,isdefinedby (av@@s =m.
Equations(C12) and(C14)showthatthiscond~tionimplieszero
streamlinecurvatureiftheshockfrontitselfhasfiniteourvature,
whichieus’uallythecasefora detachedshockwave. Crocoo~scon-
dition@elds,by equation(C12),

(C15)

fortheinclinationoftheshockfrontinthephysicalplaneat
Croccots @nt . Usingequation(C15),thevariousflowquantities
v, e, andthe100alMaohnumberM justdownstreamof theshock
elementcanhe deteminedfromequations(C6),(C7),and(27)
With rM=r.

Thederivative(a6/b) y (equation(C13)) isinflnlteat “
Croccols point,zeroatthesonicpoint(definedby M = 1), and
zeroalsoata subsonicpointoftheshockpolardefimd by
COS2~ = 1/5~. Atthislastpoint,thedownstreamstreamline
startsoutatconstantpressure,~muuh ashere (bfie)s= O by
equation(C12).

Thepropertiesofvariouspointsontheshockpolarinthe ‘
small-~rturbationtraneoniclimit,determinedinthemannerindi-
cated,arelistedin similarityformintableII.

7
uations(64)

and(68)to (70)areobtainedfromthevaluesof I% ~ givenin
thetable.Thevelocityinorementv in thetableis (v~/v~)-1,
and.henceequalsL 1-A2 inthesectionLOWERTRANSOIVIC~C
M. WI!@TERMINALSHOCK.Similerly,~ intableI is ~+2rA1
intheseinesection.

Furtherdiscussionoftheshookpolarinthetransonicsmall-
TerturbationUmit isgivenby Gtierley(reference38),whoshows,
inparticular,thatfromCroocofspointtothepointofmaximum

.

.
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deflectionon the shockPolar,the ob~~ue shockin the ~sical
@ane ia attachedtothevert~ of a wedgewithcurvedsidesd
hasiti~te curvatureat thevertex (Csh/C=m); referenc~38
alsoshowsthatthe~ointofmaximumdeflectionontheshockpclsr
correspondsto themint ofshockdetachmentfromthevertex,
whichhadbeendoubtedby Crocco(reference46)andmorerecently
by Thomas(reference50).

TA61XII

+ wDefini-
tion

Mtih
wave 7.V=o

+

11

1/2 0.707

3/7 0.655

0 0.

Sonio
yotnt
Crocco~s
point

Me.xhum
deflec-
tion

constant
pressure
Normal
shock

M-l 0 -0.50(0.354-1 Io

($’).=o

()%8h=0
-0.57:0.374-1.1 -0.143

1-1/3 0.577

l/5 0.447

-0.66i

-O.80[

0.385

0.358

*

-1.260-0.300

-1.587-0.600

m -1o 10 -1 0

——. —. —.— —.
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TmMIIwLaocKcoluml!IoNm LOWER

. TRANSONICRAmE

Theconditionthatfo;finite~erturbationoftheflowthe
terminalshockinthelowertransoniorangebe suohthatitsbaok
pressureisas oloseas itcangett~free-streampressuremaybe
regardedasa roughstatement,fora specifiopurpose,ofthe
theoremthattheequationsM motioncanbe derivedfh’omthevszl-
ationalprinoiple

.
. 8J1’(PO-P)dxw “ o (Dl)

where p islocalpressureata point (xjy)and p. isthefree-
streampressureat infinity.Thistheoremhasbeenestzibltshedfor
nonviscousflowfieldscontainingcurvedshooks(references16,43,
and51andunpublishedresultsofChi-TehWang).It isassumedhere
toholdathighReynoldsnumberinthelowertransonicrange More-
over,theetiemumvalueoftheintegralin equation(Dl) isassumed
tobe thesameas fm irrotationalflow,namely,a minimum.

Considera streamtubeofflowjustoutsidetheboundary
lqyer(fig.15). Inthisstreamtube,theflowacceleratesisen-
tropicallyfromfree-stresmpressureandfree-streamMaohnmber
at stationO to a supersonicoonditionatstation1,reverts
througha normalshookto subsonioconditionsat station2,and “
returnsultimatelytofree-streampressure,butnottofree-stresm
velooity,atstation3. Theflowframstation2 to station3 need
notbe assugedisentropiu.“Ifthenomal shookisassumedto occur
ina diverging~rtionofthestreemtube,as is indioateaby
stabilityconsiderations(reference52),tienthe=tium Velooity,
orminimumpressure,ontheairfoiloomrs justaheadof theshook
atstation1. H theshookdoesnotformin a divergingportion
ofthestreemttibe,thenthepressurecoefficienttobe derivedis
thatjustaheadoftheshook,nottheminimuminthestreamtube.
Thesmall-perturbationassumptionisnotmade.

TheshookbaokpressurePZ isnowaqn?essedasa fraotion
offree-streampressurePO. By theisentropic
ofthe~essurejustaheadoftheshock ~ to
pressurePO isgivenby

relation,theratio
thefree-stream

,.

.

-. .. —- —-
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Theidealpressure
Hugoniotrezation

65

ratioaorosstheshook

(D2)

isgivenby theRankine-
\

(D3)

As inthesectionon lowertransonioasymmetricflow,to allcrwfor
thePossibilitythatthepressureriseaorosstheactualshook
regionoffiniteextentisdifferent,forwhateverre=on,from
thepressureriseacrcssan idealnormalshock,a shock-pressure-
dropcoefficientisintroduced:(Thedesirabilityofconsidering
theinfluenceoftheshook-boundary-layerinteractioninthiscon-
nectionwaspointedoutto theauthorbyA. SilverStein.)

APS A Ps
—.%= l.=-. (D4)
+pf

suchthattheactualpressureratio

$PIMIL

aorosstheshookis givenby

Equations(D2)
pressureratio

(D5)

to (D5)combineto give

Y

A

fortheaotualshookbaok

Forgiven~ and cs, this~ession isfoundtohavea maxi-
mumat a valueof Ml givenby

..—. .——. ... —-.-—— .=— . . -— - –—- ——— .—— ——. _——
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Themaximumshock

Ml . dy+3- Ca(7+1)

2- 0s(7+1)/2

baokpressureratioisaccordingly

Y

NACATN 2130
.

(D7)

.

Y

It isnowInferred,fromtheconditionthatshockbackpressurebe
as closeaspossibletofree-streempressure,t“ilatif (pZ/Po)=<1)
thentheshockMachnumberMl isgivenby equation(D7),whereas
if (P2/Po)=>1} theshockMaohnumberMl isgivenby equa-
tion(D6)with p2/po= 1.

Theideal-shockcase Ca=o isdfscuss~iirst.Herethe
free-streemMachmmiber~, atwhich (p2/po)u= 1, is0.78.
Hence,by equation(D7),theshockMachnuniberMl forfree-stream
Machnunibers~ < 0.78 isgivenby .

v

y+3
Ml= ~= 1.483 -(y=1.4) (D9)

Forfree-streamMachnumbersintherange 0.78< & <1, equa-
tion(D6)with ~/p. = 1 and Ca= O givesa rel=tion”be~een
Ml ana MO. TheprecedingrelationsbetweenMI and W canbe
convertedintorelationsbetweentheshockpress%ecoefficient,

. and ~ by equation(D2). Theresultisshowninfigure16.
Shownforcomparisonarethepressure-coefficientcurvesforsonic
velocity(M = 1 inequation(D2)) andforperfeotvacuum (Ml..=

tinequationD2)).

.,

.

.
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Includedinfigure16aresomeexperimentaldatagivenin
references44and53. Thedataofreferenoe53 consistofthe
min3mumpressuresmeasuredonthewingsofvariousairplanesin
bothlow-speedsupercriticalflight(stalledpull-ups)andinhigh-
speedsupercriticalflight(divepull-outs).Ofthesixcircle
datapointsinfigure16,thethreepointsatfree-streamMach
numbersd 0.42,0.445,and.0.645representminimumof allthe
pressuresmeasuredonthewingsoftheP-47C-1,theXP-51,andthe
SB2C-1airplanes,respectively,installedpull-ups.Theoluster
ofthreepointsatapproximately~ = 0.73 representsmlnhmm
pressuresselectedinreference53frcmthepressuredistributions
measuredonthewingsoftheXP-51airplsneinsuccessivedive
pull-outs. A furtherdivepull-outpointfortheXF2A-2airplane
coincideswiththemiddleoneofthisclusterofthreepoints.
Thedataofreference44wereobtainedona NACA.4412airfoil
spanningtheLangley24-inchhigh-speed.closericirculartunnel.
ThevariationofminhumpressureontheuppersurfacewithMach
numberatan angleofattackoftheairfoilM 1°52.5!wastaken
asrepresentatIveoftheirresults.Furtherwind-tunneldataof
thesanetypearegiveninreference24.

Compwisonoftheexperimentaldatawiththetheoreticallimit
curveshowsthatthelimitpressuresindicatedby thetheoryare,
infact,approachedorreacheabutnotexceeded.Theleveling&f
ofthepressureaistribtiionofreference44somewhatbelowa local
Machnuniberof1.5maybe dueto lCYWReynoldsnumber,wind-tunnel
effect,orboth. Thustheconceptof a limitcurvederiyedfroma
shockconditionindependentofReynoldsnumberandairfoilshape
appearstohavesomesignificance,at leastinthelimltoflarge
Re~oldsnumibers(singlenormalterminalshock),isolateaairfoils,
andforanafioilshapethat@rmitshighlocalMachnumbersuper-
sonicregionstodevelopat lowfree-streamMachnumbers.

Considernowtheeffectofshockpressuredrop coefficientCa.
AsnotedinthesectionLOWERTRANSONICSYMMETRICFLOWWITH
TERMINALSHOCK,valuesof Ca intheapprc@materangeO.1to 0.5
occurexperimentally.Assumefor&efinitenessa value c = 0.33.
Theeffectofthisvalueof cs inequations(D6)to (D8fisto
increasetheshockMachnumberMl yieldingmaximumQ/p. to 1.5
andto shWt thefree-streamMachnumberM. atwhich (~/Po)M = 1
to~.1. Hence,theportionABCDofthe Ca= O limitcurve
(fig.16)wouldbe eliminatedandreplaceaby thecm BE,slightly
shiftedto correspondto Ml= 1.5 insteadof 1.483.Theintro-
ductionofa shockpressure4ropcoefficientcs thusyieldsprac-
ticallythesamevalueoflimitshockMachnuniber,andhencemini-
mumpressure,aswhen c~= O intherange~ <0.78. Itmeybe

... . . -.-. .—.-— —.-— .—. —. .—. —.- ——. —.——— —- .. t .—. .— ——.———
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.
notedthatthevalue OS= 0.33 yieldsthepressureratio
%/Po = 0.527in eq~tion(D6),thatis,thepressurerattocm.
respondingto locallysoniovelocityinisentropicflow,whioh
protidesaninterp!etatiori’forthestatsmentoccasionallymade
thatsonicvelocityoccursbehindtheterminalshock.

Theshockconditionasthusfardevelop@appliestofinite
and,infact,quitelargevelocityperturbationsandwhere l%.
cam,andpossiblyshould,be of,theorder1. Thetransitionto
thetransoniosmall-perturbationcaseisequivalenttoreplacing
thebranchAB ofthelimitcurve(fig.16)(oritsmodfiication
for cs~ O) bythetangenttoAB atthepointA. l%tsfactis
seenfromequation(67),whiohisthelimitingformofequa-
tion(D6)for ~ = 1-~2-0 and M12-1-0. Forconst~t c~
near ~ . 1 andby theshockback~essurecondition~ = O in
thisrange,equation(67)yields-2A1(=Pl) asa linearfunction
of 1%, tangenttoequation(D6)at ~ . 1.

As remarkedinthesectionLOWERTRANSONICA8YM@3RICFLOWWITH
TERMINALSHOCK,applicationoftheshockoondition~/p. = 1 or
22= O inequation(67)impliesapprmhuatelyzeropressurechange
alongtheairfoildownstreamoftheshock.H thiscondition
existsregardlessofairfoilshape~ R severeseparationofthe
boundarylayermustoccurintraversingtheshock.Similarly,for
finite~rturbationsatlowerfree-stresmMaohnumbem,thepresent
analysisappliesonlyiftheboundarylayercansovaryinthick-
nessastoprovidesufficientflexibilityintheairfoilboundary
conditionfortheterminalshocktobefreetostabilizeatdif-
ferentlocalMachnumbersalongtheairfoil.Onlythendoesthe
possibilityariseof choosingoneoftheselocalMachnumbersin
accordancewithequation(Dl)forshocklocation,independentlyof
airfoilsham.

Withsuchfreedcmofshocklooation,equation(Dl)alsoindi-
catesthattheterminalshockwillformina divergingportionof
streamtube,asthisprovideslessvariationafstaticpressure

k thaniftheshockformed(atthesamelocal.Machnumber)ina con-
vergingportionofthestreamtube,whiohwouldnecessarilybepre.
cededby a divergingpart.Wheresubstantialpressurechangedoes.
occurdownstreamof”theshock,theterhinal-shookc~ition given
hereinrequiresmodification;forexample,inthesmall-perturbation
casethe.P2 termh equation(67)wouldhavetobe“retain&L.

Finally,itisofinteresttonotethatithsshockMachnumber
givenby equation(D9) isalsothatforwhichthestreamlinecurva-
turevanishesjustdownstreamM a.normal-shockelementoffinite

.

.
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curvature(reference18and43). This~opertyisderivedby
finite-perturbationconsiderationsanalogoustothoseof appendixC;
thusno oloseconnectionwiththepresentderivationof equa.
tion(D9)appe~ to exist.Inammchas a separatingboundary
layertraversinga shocksho~, however,tendtoprcducezero
streamlinecurvaturedownstreamoftheshockelement,thisproperty
of equation(D9)mayalsohelpto explainterminal-shockstabili-
zationatapproximatelyMl = 1.5.,

.,
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APPENDIXE

SYMBas ~

5e moreimportantsymbolsusedinthisreyortareasfollows:

c streamlinecurvature,-
r)&

c chomllength,takenasunity

cd ~ D(~) }~povo2c~seotiondragcoefficient

% E ApB/~plv12,shock-pressure-dropcoefficient

D drag .

d distanceofnormalelementaE’detachedshockfromleadingedge.

K = -2K1= (b&2)/(Tr)2/3, transonics=larity parameter,
(equations(12c)and(84))

L ~ ~/3A/~/3, velocityparameter,(equations(58b)and(85))

M 100alMachnumber,ratioof localvelocityto localvelocity
of Souna

P = (P-Po)/&oTo2, .pressurecoefficient

P pressure(fractionoffree-streamvalue)

r,s curvaturefunctionparameters,(equations(33)

v s 1 +A, resultantvelocityatairfoil(fraction
value)

and(74))

offree-stream
.

v S 1 + u, resultantvelocity(fractionoffree-streamvalue)

x ~ ~ (1+~),chordwiselocation,dist=ceinfree-streamdirection

Y ordinate& airfoil

Y lateraldistenceperpendiculartofree-streemdirection

.

.

.
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v/., (disticeinappendixC)

%2 2-y1 + ~ - -@& (equation(no))

(7+1)/2,(equation(I&l))

ratioof specificheats,1.4

stieamllnedisplacementat infinity,figure2

anglebetweenlocalstieamdirectionandfree-stieam
direction,figure2

(-)~ ‘+A,(equation(37a))

density(fractionoffree-sireamvalue)

anglebetweenshockelementandfree-streamdirection

thicknessratio,ratioof~ruum thicknessto chordlen@h

(2-r)3‘c%ca, (equation(37b))
(3-r)2 U3

oftheorderofwqydtudeof

subscripts:

a atairfoil

e calculatedsonicpointofPrandtl-Meyerdistribution

i incompressibleorlowspeed

z potentialIdmit

— ——— ——.———— —. .—— —_. —.._ _ — -— —.- ..— —— -—-
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Figure1.-
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